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Abstract 

When the individuals in Pattanaik and Peleg [16] are permitted to have weak preference 
orders, we show that: (i) as in their paper, theft) is a unique weight for each coalition; and (ii) 
for each feasible proper subset of the universal set and cadI prefeT<'nce profile, UH.~ society call 
be partitioned, so that, the weight of each coalition in this partition gives the probability of 
choosing some alternative which is best in tile feasible set for at least olle individual in the coalj
t.ion. When the lIniv(~rsa.1 Ret iR th(' feMihle sd, OUr relmlt st.ill ho108 provided cert.ain addit.ional 
cOllditjons are satisfied. Journal of Economic UtemtuN:' Classification Number: D71 

°Thil< pal){'r if' from tht· second chapt.er of my Ph.I>. dissertation at Tht· l'nivcrliity of Hritish ColumbiA. 
Canada; 1993. 

tI am gral.dul to my th($if; I'upcTViwT John \\'cymarlc for his advil'(' and f'uggel'tionl' tbat gT~atly. improved 
tilt· expusition. I hin{- aihu bt:lIditt...d frum tIlt: cUlIllllt,lIb of an arnmymuu,; rt-f"Jl"t:. I am "l)I..J~ ropulll.iblc for 
any remaining error!> and omissions. 
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1 Introduction 

Since the seminal work of Arrow [1] in social choice tbeory, mlLny attempts have been made, 

wHitout much success, to escape rus impossibility theorem by modifying the conditions whlch 

he required the social cboke rule to satisfy. The numerous impossibility results in the social 

choice literature bear testimony to the robustness of Arrow's impossibility result. These negative 

r~l{ults a.r~ partly rf!sponsihl~ for a linf! ofreReard which f.OnRirlers proha.hilistic 6bdal c:hoke rilles 

to aggregate individnal preferenc:es on soda) alternat.ives. Prohahilistic: sodal <:hoic:~ rn Ie!! are 

more general than their deterministic counterpa.rts and increase the possihility for satjsfactory 

aggregation of individual preferences. 
f 

Apart from opening up the possibility of escaping the Arrow-type impossibility results, an 

equally important and attractive aspect of the probabilistic framework is the scope it provides for 

incorporating certain notions of fairness and reasonable compromise into the collective decision

making process. For example, consider the situation of two seriously injured accident victims 

who each must have a pint of blood to survive, but there is only one pint of blood availab1e 

and eacb individual wants to have it. In this situation of conflict of preferences, flipping a coin 

to determine the actual recipient of the single available pint of blood seems to incorporate a 

certain element of fairness and reasonable compromise which is lacking in deterministic social 

choice rules. 

The Arrow conditions in the deterministic framework imply that the social choice procedure 

satisfies a neutrality property which plays a key role in the dictatorship theorem, namely, if any 

group of individuals is decisive over some pair of social alternatives, then that group must be 

decisive over every pair of social alternatives. A probabilistic analogue of neutrality is satisfied . 
in the probabilistic framework when the Arrow conditions are appropriately translated into their 

prohahilistic: mlJnt.~rpart.s. nowflv~r, in this framework neutralit.y is a mOTe appealing principle 

bp.caus(> of the randomness prE'sent in probabilistic sodal cboi<'p rulp.s. For exampIp, a random 

dictatorship satisfies neutralit.y while avoiding many of the und('sirable fE'atures of a Mtp.rmillistir 

dictatorship. 

As in the deterministic case, the probabilistic social choke rules that are considered in the 

probabilistic social choice literature can be broadly classifiE'd into two categories, namely, those 

that map each social preference profile to a lottery over social preferences, and those that map 

each combination of a socia1 preference profile and a feasible SE't (which is a subset of the unh'ersal 
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set of social alternatives) to a. social choice lottery over the feasible set. We refer to these kinds 

of ruleR AA fltocha.qtk M)da.1 welfa.re fnnr.t.iool'l and stor.ha.nt.k lioda.1 f:hok~ fnndions, respectively. 

A major Con('~rn of probabilistic soda! chok(> thP.OrY is to characterize the propf;>rtil's of the 

power structures that can arise in this framework when the appropriate probabilistic analoguE's 

of the axiom systems used in the various impossibility theorems in the deterministic framework 

are adopted. Loosely speaking) by power structure we mean the distribution ofthe degree of 

influence in the social decision process that different groups of individuals may have. In the 

case of stochastic social welfare functions, this line of investigation was initiated by Barbera and 

Sonnenschein [61 and subsequently pursued by Bandyopadhyay, Deb and Pattanaik [21, Heiner 

and Pattanaik [12j,and McLennan [14]. In this literature, the power of a coalition to determine 

the social choice probabilities in pairwise comparisons are induced by the probabilities assigned 

to the social preferences. However, unlike the deterministic framework, where the distribution 

of coalitional power in nonbinary choice situations is completely determined by the distribution 

of coalitional power for binary comparisions, it is not at all clear if the results in these papers. 

can be used to derive restrictions on the distribution of coalitional power for nonbinary choice. 

This is a serious weakness if we maintain that from a sodal action perspective the significance 

of the probabilities assigned to the social preferences lies in the social choice probabilities they 

induce over each possible feasible set of social alternatives. 

Among the Iiteratllre whkh r.onsiders stochastk sodal choke functions, to our knowledge, 

Rarhera and Va.lendano [71, and Pat.tanaik and Peleg [16] are the on Iy artidp.s that systemat

'. 
icaUy investiga.te the distribution of coalitional power.1 Howe~er, as Ba.rbera. and Valencia.no 

[7] implicitly consider only those feasible sets that contain exactly two social alternatives, their 

work also suffers from the same weakness mentioned in the previous paragraph. Pattanaik and 

Peleg [16J, which is henceforth referred to as PP, cbnsider feasible sets with arbitrary numbers of 

alternatives. For the axioms considered by them, they were able to characterize the distribution 

of coalitional power even when the feasible set contains more than two social alternatives. 

PP considered stochastic social choice functions that satisfy three conditions they called 

independence of irrciet·ant alternatives, ex-post Pareto optimality and regularity.2 Independence 

lMost of the other works in this literature (Barbera [3.4]. Fishburn [91. Fishburn and Gehrlein [10). and 
Intriligator [13] to mention a few) focus attention on the properties of particular stochastic social choice functions. 

2Indepcndence of irrelevant alterna.tives and ex-post Pareto optimality are respectively the probabilistic coun
terparts of Arrow's [I] Independence and Pareto conditions. RegUlarity is a natural probabilistic version of a. 
rationality condition in the deterministic framework due to Chernoff [8J known as property a. 
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of irrelevant alternatives requires that the Bocial cboice lottery over a feasjbl(~ Bet of alternatives 

mllRt. hf! th~ Ra.m(1 fOT any two preferenr.e profllf!f1 whkh are identir.al when ,,,.strkted t,o t 'he ffllUlihle 

set. Ex.post Pareto optimality says tbat, if everyone prefers some alternative to another, then 

the Badal probability of choosing the l~ter must be zero whenever both of them are feasible, 

Regularity requires that the social choice probability assigned to each alternative in a. feasible 

set must not increase from its original value when the individual preferences remain the same 

but the feasible set is expanded by adding more alternatives. When the universal set of Bocial 

alternatives contains at least four elements and individual preference orderings are strict, PP 

showed that a stochastic social choice function is essentially a random dictatorship if it satisfies 

their three conditions. More precisely, tbey first derlved a unique weight for each individual 

such that the vector formed by these individual weights has the properties of a probability 

distribution over the set of all individuals. Then they showed that the probability of society's 

dlOosing an alternative from a feasible set, which is distinct from the universal set, is equal to 

the sum of the weights of those individuals who have that alternative as their best alternative 

in the feasible set. When the number of alternatives in the universal set exceeds the number of 

individu~s in the society by at least two, their result extends to the case in which the feasible 

set is the universal set itself. 

The assumption that individuals can only have strict preference orderings plays an important 

role in the result of PP. However, as the author" themselve" pointed out, this is a rather restric

tive assumption. Therefore, the next logical IiWp i" to permit individuals to have indifference 

between alternatives and ask whC:'ther there are any natural extensions of the results of PP with 

this expanded individual preference domain. The present paper pursues this particular line of 

investigation. 

To understand the difficulty that arises when the individual preference domain is expanded to 

permit indifference between alternatives, consider a feasible set of alternatives B and a preference 

profile R. If x and yare two alternatives in B and the individual preferences in R are strict, 

then, as there is only one best alternative in B for each individual, the intersection of the set 

of individuals who have :l as their best alternative with the set of individuals who have y as 

their best alternative is empty. This fact is crucial for the weighted random dictatorship result 

of PP as it allows a specific partitioning of the society in which each member coalition consists 

of all those individuals who have the same best alternative inB. However, such a partition of 

the society may no longer exist if we permit the individual preferences in R to have indi~erence 
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betwccn alternatives. When the individual preferences in R are not necessarily strict, as each 

individual may hav~ more than onp. hNtt alternative in R, it if> po::;::;ihle (or twoimlivionalR to 

have best S.;>ts in B. that intersl'ct. but are not equal to each other. So we must df.'al with thp. 

possibiHty that, given any two altf.'rnatiVf~s .r. and y in B, t·he two Sf.'ts of individuals whosE'!! 

members respectively have x andy asa best alternative inB may intersect with each other. 

Suppose there are at least four elements in the universal set of alternatives and the stochastic 

social choice (unction satisfies the three conditions of PP, namely, independence of irrelevant 

alternatives, ex-post Pareto optimality and regularity. Also, suppose B is a proper subset of 

the universal set of alternatives and R is a social profile of preference orderings. Tile society is 

then partitioned in such a way that each coalition S in the partition satisfies: (i) if individual 

i belongs to S and individual j does not belong'to S, then their best sets in B do not have any 

common alternatiVe; and (ii) if individual i belongs to S and there are at least two individuals 

in S, then at least one alternative which belongs to individual i's best set in Balso belongs to 

the best set in B of some other individual in S. This way of partitioning the society is in some 

sense a generalization of the one described before for the case of strict individual preferences, 

because it yields the same partition of the society as before whenever the individual preferences 

in R are strict. We then show the following: (i) as in PP, there is a unique nonnegative weight 

for each individual in the society; and (ii) when B is the feasible set of alternatives and R is 

th~ sodal pre(erenc:e profile, the sum o( thp. weights of an individuals helonging to t.h~ ::;amf! 

ma1ition in the partit.ion j1Jst d(>~<;c:rihed give::; the prohahility that ..~omp. a.lternative which;s h(>$t 

in B for one of these individuals is chosen. If the social preference profile R is such that at l~ast 

two alternatives do not belong to any of the best sets in the universal set, or the number of 

alternatives in the universal set exceeds the number of individuals in the society by at least two 

and the social preferenc~profile R is such that at l~ast one alternative does not belong to any 

of the best sets in the universal set, then the feasible set B does not have to be distinCt from the 

universal set for our result to hold. These results reduce to the results of PP whenever everyone 

has unique best feasible alternatives. So our results are generalizations of those ill PP. 

In the next section, we introduce some prerequisite notation and definitions. The unique 

nonnegative weight o( each coalition of individuals in the society is derived in section 3. The 

results of the paper, which we have briefly outlined above, are presented ill section 4. We 

conclude in section 5. 
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2 Notation and Definitions 

The universal set of alternatives, denoted by At has m alternatives with 00 > m ?! 3. LeL A 

be the set of aU noncni'pty subsets of A (Le. A :=: 2A - {0} ),3 An ordering on A is a reflexive, 

complete and transitive binary relation on A. We denote by n the set of all orderiIlgs on A. 

Let N ::: {I t ... , n} be the set of all individuals in the society, where 00 > n ~ 2. Also, let N. 

be the set of all nonempty subsets of N (Le. N =2N - {0}). Then, as any subset of individuals 

in th~ sodet.y is a r.oalition, N h. the set. of all possihle coa.litions in the Rodet.y. We denotp. tlH~ 

coalitions in N by S, S, St .... 

Given any SEN, nS denotes the lSI-fold Cartesian product" of n. We use the term. . 
preference profile for the members of nN and denote them by R, Ii, it, .... Given a preference 

prome R E nN, the ith coordinate of R, which we denote by Ri, represents the preference 

relation on A of individ ual i in the preference prome R. As usual, for each possi ble ordering 

Ri E n of individual i, II and Ii denote the asymmetric and symmetric parts of Rj, respectively. 

Definition 1: A stochastic social choice function (SSCF) is a function F : A x A )( nN -+ ~+ 

which satisfies LxEBF(x,B,R) = LXEA F(x,B,R) 1 't/ (B,R) E A x nN. 

Given a SSCF F, (B,R) E A x nN and X E A, we interpret F(x,B,R) as the probahility 

of X being chosen by the society when the feasible set is B and society's preference profile is R. 

Thus, for each feasible set and each preference profile, a SSCF always assigns zero probability 

to any nonfeasible alternative .. 

Given any (B, R) E A x nN , we denote the set of all weakly Pareto optimal alternatives in 

~' .. B according to R by WPAR(B,R); i.e. 

WPAR(R,R) = {x E R: there does not exist. y E R fmr.h that yPiX 't/ i EN}. 

Given a SSCF F, let POS(F, B, R) be the set of all alternatives that are assigned positive 

probabilities by F when tIle feasible set is B E A and the preference profile is R E 'R/"; Le. 

POS(F,B,R) = {x E.B: F(x, B,R) > OJ. 

Definition 2: A SSCF F is u·eakly Paretian ex-post (WP) if and only if 

POS(F,B,R) ~ H'PAR(B,R) 't/(B,R)EAxnN. 

3Given any two sets D and E. we use the convention of letting D - E = {T ED: r ~ E}. 

fGiven any Set DJ we follow the standard convention of denoting the number of elements in D by IDI
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Let B E A. for each i E N and each R-i E 'R, we denote the restriction of Ri to B by RiIB. 

ShnUarly, for each R E nN , we denote the restriction of R to 8 by RIB == (R1IB"..,RnIB). 

Also, wc"dc:note thp. set of all possible ord('rings on B by RIB and the n-fold Ca.rtf,'sia.nprodl~~t 

of 'RIB by 'R-NIB. Thus, for any R E 'RN,.it is obvious that RilD E 'RIB ViE N, and 

RIB E'RNIB. 

The following definHion of independence oj irrelevant alternatives (IIA), which is the appro

priate counterpart of the one in the deterministic framework, is as given in PP. 

Definition 3: A SSCF F satisfies I1A if and only if V B E A and V R, Ii E 'RN 

[RIB == IiIB] ==} [F(x,B,R)::: F(x,B,R)V x E 8]. 

The final condition we want to impose on a SSCF is regularity. This condition is a natural 

extension to the current framework of condition a of Chernoff (8], which is a minimum consis

tency condition for rationalizabllity of choice functions. For a more detailed discussion of this 

regularity condition the interested reader is referred to PP. 

Definition 4: A SSCF F is regular if and only if V B, iJ E A and V R E nN 

[x E B ~ iJl => [F(x,B,R) ~ F(x,B,R)]. 

Coalitional Weights 

In this section, corresponding to each SSCF F which satisfies certain conditions, we derive a 

unique nonnegative number for each coalition of individu~s SEN called the weight of coalition 

S according to the SSCF F. Given any partition of the society, the sum of these weights over 

all coa.litiom; in this partition is equa.l to one. Although we carry otJt onr a.nalysili in a lilightly 

different ma.nner, these weights are essentialiy the same a..q those in PP. 

Given a SSCF F which satisfies certain conditions, a. coalition SEN and any two pajrs of 

alternatives (x, y) and (z, w), let Rand R be two preference profiles such that everyone in S 

prefers x to y and .r to w according to their preferences in Rand R respectively, and everyone 

outside S prefers y to x and w to z according to their preferences in Rand R respectively. We 

then establish that the social probability of choosing x when {x,y} is the feasible set and R is 

the preference profile must be the same as the social probability of choosing z when {z, w} is 

the feasible set and R is the preference profile. It is this social probability which is the weight 

of the coalition S according to the SSCF F. Thus, to some extent, the weight of a coalition S 
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according to a SSCF P indicates the pow(~r thlit coalition .'i has to infllHmce the socil).1 choice 

ptoha,hiHtieli. TheliH W(~ightfl pIny fl key toJe in the ch;l,r;u:l.mi;>:ation of ttl(' coalil,iona.1 power 

structure. 

WP, begin with (I,lp.Dlma which is tlll~ (oullterpart of LI?Inllla 4.1 in PI'. This lemma, complet(>ly 

characterizes the condition under which the probability assigned to each alternative in a feasible 

set by a regular SSCF F remains unchanged when the feasible set is expanded. 

Lemma 1 : Suppose F is a regular' SSCF, and B, B E A with B ~ iJ. Then, for any R E 

'RN, POS(F,B,R) ~ B if and only if F(x,B,R) = F(x,B,R) V x E B. 

Proof. Let B, B E A with B ~ Band R E nN. 
• t 

(Necessity): Suppose POS(F,B,R) ~ B. Then we have 

1 :::: L: F(x,B,R) :::: L F(x,B,R):; L: F(x,B,R) :; 1. 
:1;€B :repOS(F.B,R) 	 :rEB 

Thus, LXEB F(x, B,R) = 1 = L:r€B F(x, B, R). But by regularity, F(x,B,R) ~ F(x, B, R) V 

x E B. Hence, F(x,B,R) :::: F(x,B,R) V x E B. 

(Sufficiency): Suppose F(x,B,R) :::: F(x,B,R) V x E B. Then 1 =L:reB F(z, B,R) = 

L:r€B F(x,B,R), which implies that POS(F,B,R) ~ B. II 

The next two lemmas consider the neutrality features of the stochastic social choice function. 

Lemma 2 : Let F be a regular SSCF that satisfies WP and IIA, and let x, y, z E A be three 

distinct alternatives. If S ~ Nand R, R E nN are such that x~y and xPi ;; ViE S, and yPiX 

and ZPiX V i ~ N - S, then F(x,{x,y},R) = F(x,{x,z},R). 

Proof. Let x,y,z E A be distinct. Suppose S ~ Nand R,R E 'RN are such that XPiY and 

XPjZ ViE S, and yPjX and ZPiX ViE N - S. Consider it E nN such that XPiYPjZ ViE S 

and yPjzPix ViE N - S. WP implies that F(z, {x, y, z}, it) =O. Then we g('t 

F( x, {x, z}, it) 	 = F(x, {x,z},R) [by llA] 

~ F(z, {x,y,z},it) [by regularity] 

= F(z, {z,y},R) [by Lemma 1 and.F(z,{x,y,z},R) = 0] 

~ F(z, {x,y},R) [by IIA] . 

By a similar argument, we can also conclude that F(x, {x, V}, R) ~ F(x, {x, z), R). 
Hf'nc'(', F(x,{x,y},R) = F(x,{x,z},R). II 
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Lemma 3 : Let F he a reglliar SSeF that .'1Cltisfies WP and IIA, and let x, y, z E A be three 

distinct alternatives. II S ~ Nand R, R e llN are such that xP,y and ZPiY Vie S, and yPjX 

and yPiz ViE N - 5, the.n F(x, {x, y}, R) == F( z, {V, z}, Ii). 

rroof. tet X,Y,Z E A be distinct. Suppose S ~ Nand R,R e 'R"N are such tha.t xreY and 

ZPiY Vi E 9, and Y1'i:t and YPjzV i E N - S. 

Using Lemma 2, we get F(y, {x, Y}, R) =F(y, {V, z}, it), which implies that 

1- F(y,{x,y},R) = 1 - F(y, {y,z},it). 

Hence, F(x,{x,y},R)::::: F(z,{Y,z},R). II 

Given a. SSCF F, define the correspondence aF : 2N -- R+ as follows: for any S ~ N, 

aF(S) :;; {Q e i . a::: F(x, {x, y},R) for some distinct x, yeA and R e n''11 } 
+. such that xny Vie S a.nd yriX Vie N - S . 

If a SSCF F satisfies WP, thE'n it is easy to check that 

(1) aF(N) ::::: {I}, and aF(0) = {O}. 

Also, given a. SSCF F, it follows from the definition of aF that 

(2) for any S ~ N: [Q e aF(S)] <=> [(1 - a) e aF{N - S)]. 

Now, given a. SSCF F and a coalition SEN, consider any pair of distinct alternatives 

x, yEA and a preference profile R E nN such that XPiY ViE S and yp;,x ViE N - S. As long 

/, 	 as F(x, {x, V}, R) ::::: F(x, {x, Y}, R) for every R E nN that is identical to R when restricted to 

{x,y}, which is the case if F satisfies HA, the social probability of choosing x from the feasible 

set {x, y} when R is the preference profile, F(x, {x, y}, R), can be interpreted as the probability 

for c.oa.lit.ion S to hf! almost df!dsive for x OVf!r y in 't.hf! SSCF P. As a. c:onsf!qllf!nr.f!, if QF(S) 

contains a single nonnegative number, then the probability for coalition S to be almost decisive 

for some alterna,tiv(' over another alterna.tive is inva.ria.nt to the pah of distinct a.lternatives 

considered. Further, this probability is equal to the single number in aF(S), Proposition 1 

demonstrates that O:F(S) is a singleton under our assumptions. 

Proposition 1: Suppose F is a regular SSCF that satisfies WP and IIA. Then /aF(S)/ = 1 

lor each S ~ N. 
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Proof: Clearly, 10:.,..(0)1 ::: 100p(N)[ ::: 1. 

Suppose SEN such that S ~ N. Let R,R E nN and x,'II,z,'W E A be such tlult X/>'lI and 

:d>jtl) Y i E S, fwd lIPiX and 1ll j>iZ ViE N - S. Then it is suffichmt to show that F($,{x,y),R.) 

:;:; F(z, {z,tlJ}, R). 
If x ::::;:'z, then, by Lemma 2, F(x,{x,y},R) :::::: F(z, {Z, w},R). So we suppose that x ¢ z. 

As m ?: 3, let v E A be distinct from x and z. Now, consider R'JR" E nN such that xPlz 

and vP/,zP/,x ViE S; and zP(x and xP/,zP{,v Y i ENS. Then we get tile following 

sequence of equalities: F(x, {x, 1I}, R) ::::::: F(x, {x, z}, R') :::::: F(v, {1), z}, R") =: F(v, {tI, x}, Rf
') 

:::::: F(z, {x, z}, R") = F(z, {z, w}, R), where the first, third and last equalities are due to Lemma 

2, and the second and fourth equalities are.due to Lemma 3. Hence, we have F(x,'{X,lI},R):::::: 

F(z,{z,w),R) as desired. II 

The significance of Proposition 1 is that, for every coalition SEN, the single number in 

aF(S) is a good indicator of the power of coalition S, and hence, there is a possibHity of using OF 

to derive restrictions on the structure of coalitional power. It is worth noting that Proposition 1 

can be viewed as a probabilistic version of the neutrality feature implied by the Arrow condItions 

in the deterministic framework. 

Henceforth, we shall treat OF as a function; i.e. for each S ~ N, OF(S) is a nonnegative real 

number rather than a set containing a single nonnegative real number. We have the following 

straightforward corollary to Proposition 1. 

Corollary 1: If a regular SSCF F satisfie.s WP and IlA, the.n fiFeS) + fiF(N - S) = 1 for 

each S ~ N. 

Proof. Follows from (2) and Proposition 1. II 

To characterize the coalitional power structure in terms of the function OF it is essential 

thataF be additive, 60 that, given any partition of the society. the sum ofoF(S) over all 

coalitions S i~ the partition is equal to one, the power of the grand coalition N. Before we show 

this additivity property of OF. we need to introduce some notation and prove a preliminary 

proposition. 

Given B E .A, i E Nand R-i E n, let 
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vp 2: 2.a,(RiIB) = {<E B - 9. a,(l1iIB): xRiY VYE B -:Q a,(R;lB)} 

Thus, CI(RiIB) is the best set in B according to Ri, C2(RiIB) is the second best set in B 

according to R. and so on. 

Given x E B E.A and a E R:'V, let 

P(0, alB) 0, 

p(5,aIB) = UCI(RiIB ) v 5 E lv, and 
ie5 


L(x,B,R) = {i EN: x E G1(R.IB)}. 


SO P(S, RIB) is the set of all alternatives that belong to the best set in 8 according to the 

preference in the profile a of at least one individual in the coalition 5, and L(x, B, R) is the set 

of all individuals who have x in their best sets in B according to their preferences in R. 

Consider a SSCF F that satisfies regularity, WP and ITA, and any feasible set B distinct 

from A. Suppose x E B and a is a preference profile such that x E Ct(RjIB) for some individual 

j, and either x is the unique member of Gl(R.IB) or x ¢ GI(RiIB) for each individual i. Then 

the following proposition, which is in the spirit of Claim 4.7 of PP, shows that we can find some 

feasible set {z, w} and a preference profile R that satisfies ZFiW for each i E L(x, B, R) and wFjz 

for each i E N - L(x, B,R) such that the social probability of choosing x from B, F(x, B, It), 

is at least as large as that of choosing z from {z, w}, F(z, {z,w},R). 

Proposition 2: Sup]X'se. F is a regular SSCF that satisfies WP and IIA. If x E B E .A and 
/. 

R E nN are such that B i- A and P(L(x, B, a), RIB) = {x}, then F(x,B, R) 2: (IF(L(x, B, R). 

Proof. Suppose x E BE.A and R ERN are such that B i- A and P(L(x,B,R),RIB) = {x} . 

Let yEA - Band iJ B U {y}. Also, let R E nN 
• 
be such that RIB = RIB, G2(Rd iJ ) = {y} 

ViE L(x, B, R) and Gl(~liJ) = {y} ViE N - L(x, B, R). Then WP implies F(z, iJ, R). = 0 

V z E 8 - {x,y}. So, by Lemma 1, F(x,8,R) = F(x, {x,y},R) = QP(L(x,B,R»). Because 

of regularity and HA, we also have F(x,iJ,R) ~ F(x,B,R) = F(x,B,R). Hence, we ha.ve 

F(x, B, R) 2: owe L(x, B, R» as desired. II 

We are now ready to formally state our desired result in the form of Proposition 3, which 

is similar to Claim 4.8 of PP. This proposition shows that, if F is a regular SSCF that satisfies 

WP and IIA, then fiF isa subadditive function, which is additive whenever there are four or 

morp. soda.! a.lt.ernat.ives. 

II 




Pt'oposition 3 : Let F be (l regular SSCF that satisfie.'i WP and IlA,and suppos~~ S,7' E N 

aN; di'<ljoint 7'hen Il'F(S) + Il'p(T) 2!: np(S UT). 'I Tn ~ 4, t.hen Il'p(S) +nFCT) ;;::: apeS U7'), 

Proof: Let S, TEN be disjoint. The proposition is trivially true if S U T ::: N. So we suppose 

S UT -:F N. Let x,y,z € A be distinct. Also, consider R E nN such that XPiYPjZ \I i E S, 

yP.ZPiX ViE T, and ZPiXPiY \I i E N - (S UT). Then we have the following: 

aFCS) + QP(T) - F( x, {x, z}, R) + F( y, {x, y}, R) 

2: F(x,{x,y,z},R) + F(y,{x,y,z},R) [by regularityJ 

- 1- F(z,{x,y,z},R) 

•
2: 1 - F(z, {V, z}, R) [hy regularityJ 


:: 1 - ('(F(N - (SU T» 

= aF(SU T) [by Corollary 1]. 


Now, suppose m 2: 4. Then we ha.ve {x,y,z} '# A, T.(,x,{x,y,z},R) ;;::: S, T,(y,{x,y,z},R) 

= T, L(z,{x,y,z},R) :: N - (S U T), P(S,R/{x,y,z}) = {x}, P(T,Rl{x,y,z}) = {V} and 

peN - (SUT),RI{x,y,z}) = {z}. So, using Proposition 2 and regularit.y, we get 

F(x,{x,y,z},R) 2: OF(S) = F(x,{x,z},R) 2: F(x,{x,y,z},R). 

Hence, F(x, {x, y, z}, R) OF(S). Then, using a similar argument, we can also conclude that 

F(y, {x,y,z },R) = aF(T) and F(z, {x,y, z},R) = aF(N - (S U T». Therefore, 

OF(S) + of(T) - F(x,{x,y,z},R) + F(y,{x,y,z},R) 
'. 

- 1 - F(z,{x,y,z},R) 

- 1 - of(N - (SUT» 

- of(~UT) [by Corollary IJ. II 

Thus, given an universal set with at least four social alternatives and any regular SSCF F 

that satisfies WP and HA, it follows from Proposition 3 that OF(S) = LiESaF({i}) V SEN. 

Further, if {SI}~=l is a partition of the society,S then the sum of OF(Sq) over all coa.litiol1~ sq 

in the partition {Sq}~=l is equal to one. So, for each coalition of individuals SEN, we refer to 

OF(S) as the weight of the coalition S according to F. 

We conclude this section with the following corollary, which implies the weighted random 

dida.torllhip re~lIlt. of pp (1'hMr~m 4.11). 

II }Q. . I Q q' q" I IISo{S"9=llSsucht.hatS9~NVq=1 •...• Q.S U ... us =NandS nS =.forl$q <q $Q. 
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CoroJlary 2 : Suppose m 2: 4, Let P be a regular SSCF that satisfies WP and I1A. [f 

B E A andR E nN are such that 0 f; A and lal(RdB)l ::::: 1 ViE N, then F(x,B,R) 

== ('fF(L(x, 0, R» V x E {leN, RIB) and P(x, B, R) ::::: 0 V :t E B - (I(N, RIB) . . 
Pf"O()j. Suppose BE A and R E 'R,N are such that B ':f. A and /G1(RilB)1 =: 1 V j E N: Then 

{J(L(x,O,R),RIB) ::::: {x} V x € {J(N, RIB). SO, using Proposition 2, we get 

(3) P(x,B,R) 2: QF(L(x,B,R» VxE.B(N,R]B). 

Clearly, {L(x, H, R)}.rE.o(N,RIB) 'is a partition of ]V. Therefore, Proposition 3 implies that 

L QF(L(x,B,R» =: QF(N) 1. 
re.o(N,RIB) 

Now, because of (3) and the last equation, we get 

(4) 1 2: L P(x,B,R) 2: L l:tF(L(x,B,R» = 1. 
~e.o(N,RIB) re.o(N,RIB) 

Then (3) in conjunction with (4) imply P(x, B,R) ::::: irF{L(x,B,R» V x E P(N,RlB), and 

P(x, H, R) =0 V x E B - .B(N, RIB). II 

The Structure of SSCFs 

Suppose there are at least four alternatives in the universal s~t A. Let B be a feasible proper 

subset of A, and let R be a preference profile. If the individual preferences in R are strict, then 

{L(x, B, R)}re.o(N,RIB) defines a partition of the society that satisfies f3(L(x, B, R), RIB) {x} 

for each x E P(N, RI B). Using this partition, one can derive the weighted random dictatorship 

result in PP from the structure of coalitional power for two-element feasible sets. But such a 

parti tion of the society may no longer exist once the iftdi vid ual preferences ill R are not restricted 

to be strict. However, using two key properties of the partition {L(x,B,R)}xEf3(N,RIB) when 

individual preferences in R are strict, we can generate a partition of the society which can be used 

to derive the strncture of c.oalit.ional power for nonhina.ry r.hoic.e from the rest.rir:t.ions for t.wo

element f('a.sihle set.s deriveo in t.he previolJs sed.ion. These two key propertips of t.he partition 

{L(x, B, R.)}XE.8(N,RIB) when individual pref(>rences in R. are st.rict are: (i) fJ(L(r., B, R), R.IB)n 

f3(N - L(x,B,R),RIB) = 0 for every x E f3(N,RIB);and (ii) for each x E f3(N,RIB), if 

L(x,B,R) has more t.han one member and i E L(x,B,R), then there is some other member 

j E L(x, B, R) sudl tllat Cl(Ri/B) n G1(RjIB) t 0. 

http:nonhina.ry


'1'1108, given A, B and R as above, let S E .N be a coalition in the partition of the Bodety
• 

whkh Ra.tiflfim; the ahove m(1nti()O(~d two propflrt.ieR. So there ifl not.hing in common hfltween Uw 

best sets in B of a.ny two individuals ac('.Ording to tIleir preferences in the profile R if only one 

of them belongs to the coalition S. Also, if the coalit.ion S has more tha.n one me.rober, then 

every individual in S has Borne best feasible alternative according to her preference in R which 

is also a best feasible alternative according to the preference in R of some other individual in 

S. Our main result shows that, for S satisfying the above properties, the social probability of 

choosing one of the alternatives from the set P(S, R/B) when B is the feasible set and R is the 

social preference profile is equal to the weight of the coalition S. 

The steps we use to prove our result a're as follows: (i) we first establish our result when 

m:: 4; (ii) the next crucial step shows that, for any feasible proper subset of A and any preference 

profile, the social probability of choosing an alternative wllich is a best feasible alternative for 

no one in the society is zero; and (iii) finally, using an induction argument, we prove our result 

for the more general m ~ 4 case. 

Given any B E A and any R E nN , let P(B, R) be the unique partition of N such that:6 

(PI) if S,T E P(B,R) and S ¢ T, then P(S, RIB) np(T,RIB) =0; and 

(P2) if i ESE P(B,R) and IS/ ~ 2, then G1(Rs:IB} nG1(RjIB) ¢ 0 for some J E S - {i}. 

Thus, P(B,R) is the partition of the society which satisfies the two important properties dis

cussed a.bove. 

The first. proposition in this sef.tion is ollr result. on the Rt.nJ(:t.nre of coalit.ional pow~r for 

the ctuie m :: 4. As with most. impoRRihilit.y reRnlt.R, the proof exploits t.he fad. that, given any 

feasible propt'r subset B of the universal set A and a preference profile R, there are sufficient 

degrees of freedom to choose another preference profile Ii such that both R and Ii are the same 

on B and it als9 has certain desirable properties on some other subsets of A. The new profile it 
is then used to derive some restrictions on the social choice probabilities corresponding to some 

feasible sets distinct from B. Then, by invoking IlA and regularity, these restktions are shown 

to imply the desired restictions when B is the feasible set and R is the preference profile. 

Proposition 4 :' Suppose m :: 4. Let F be a n:gular SSCF that satisfies WP and IIA. If 

BE A but B'I A, arid R E 'RN 1 then E~€IJ(S.RIB) F{x,B,R) = OF(S) V S E P{B, R). 

'It can be easily ched.ed that PCB! R) is uniquely determilled by (PI) and (P2). 
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Proof. Let B e .A but B #: A. and R E 'R,N, Then we have the following exhaustive fist of 

pos,;ihilitiflR: (8) IGI( R,i1 H)/ :::: 1 Vie Nj (b) IHI == 2 and IGI(Hil fI)1 :::: 2 for some j E N; 

(c) IBI == 3, IP(N,R/B)I ::::: 2 and IG1(RkIB)/ == 2 for some k E Ni and (d) IBI = 3 and 

P(N,RIB) == B. 

(a) {G.(RiIB)/ == 1 ViE N: Corollary 2 implies the proposition in this case. 

(b) IBI :::: 2 and IG1(RjIB)1 =2 for some j E N: Then PCB, R) =(Nl, and the proposition 

holds. 

(c) 181 = 3, IP(N,RIB)I = 2 and ICI(Rk/B)1 = 2 for some kEN: Then P(B,R) ::; {N}. 

Let P(N,RIB) = {x, yl, B - peN, RIB) ::; {z} and A - B ::; {w}. Also, let {Nt, N'l, N.1} be the 

partition of N such that Ct(RiIB) :::: {x,y} ViE Nt. Gl(Ri/B) :::: {x} ViE N2 and GI(RdB ) 

:::: {V} ViE N3' Now, consider Ii E 'R,N such that IiIB == RIB, G2(RtIA) = {w} ViE NI UNl"l 

and aAw V a E B if i E N3 • Clearly, as xAw ViE N, w ¢ W PAR(A, R). So WP impfies 

F(w, A,Ii) ::; O. Let jj = {y,z, w}. Then it can be verified that Gl(~lb) == {y} ViE NI UiV3, 

G1(Ri IB) == {w} ViE N2 , and P(B,R) :::: {Nt'U Na,N2 }. Hence, using Corollaries 1 and 2, 

we get F(v,b,Ii) + F(w,b,Ii) ::; of(Nl U N3 ) + oF(N2 ) ::; 1, which implies F(z,b,R) == 

O. Then, because of regularity, F(z,A,R) :::: O. But we also know that F(w,A,R) == O. So 

we have F(x,A,Ii) + F(y,A,Ii) :::: 1. Then, using regularity once more, we get F(x,B,Ii) + 
F(y,B,Ii) == 1. Therefore, as RIB:::: RIB, IIA implies F(x,B,R) + F(y,B,R) = 1. Hence, 

LaE.B(N,RIB) P(a., fI, R) =1 = QF(N). 

(d) IBI = 3 and P(N,RIB) ::; B: If PCB, R) = {N}, then the proposition is obvious. So 

we suppose PCB, R) ':I {N}. As the proposition is true in case of possibility (a), we only need '. 

to consider the case where IP(S, RIB)I ::; 2 for some S E PCB, R). Then it can be easily checked 

that P(BJR) ::: {S, N -S}, IP(S,RIB)/ = 2 and IP(N -S,R/B)I = 1. So let P(S,RIB)::: {x,V} 
~ 

and {l(N -S,R/B) = {z}. Then, because of Corollary 1, it is sufficient to show that F(z,B,R) 

= aF(N - S). However, as Proposition 2 implies F( z, B, R) ~ aF(N - S), the proof is complete 

if we show that F(z,B,R) ~ of(N S). Now, as before, let {w} = A-B. Also, let RE1lN 

be such that RIB = RIB, G2(RtIA) ::: {w} ViE N such that GdRdB) n {x} f: 0, and XPjlL' 

and VPiw ViE N such that G1(RiIB)n {x} ::: 0. Clearly, as xPiw ViE N, w ¢ W P flR(A,R). 

So WP implies F(w,A,R) == O. Next, let b = {y,Z,w}. Then it can be verified that IGt(RoID)1 

= 1 Vi EN and L(z,D,R) = N - S. So, using regularity and Corollary 2, we get F(z,A,R) 

~ F(z,B,R) = of(N- S). Therefore, as we already know that F(w,A,R) = 0, Corollary 

1 implies that F(x,rt,R) + F(y,A,R) = 1- F(z,A.R) ;?: 1 - op(N - S) ::; OF(S). ThcIl, 
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beCll.USC of regularity, weg~t F(x,B,R) +F(y,iJ,lt) ~ ClJl'(S). So, as RliJ:;:::; RIB, IlA implies 

F(x, R,R.) + F(lI, R,R) ?:: fl'F(.s'). Hfmtp., lIhing Corolla,ry 1 once mortl, we get. 1-'(z, R,R) :$ 

1- aF(8) :;:::; aF(N - 8). 

This completes the proof of Proposition 4. II 

Given a SSCF F that satisfies IIA and any B E A, Jet FIB: B X (2B - {0}) X nN IB ~ ~+ be 

tbe restriction of F to nonempty ~ubsets of B; i.e. for any iJ E 21J - {0} and any RIB E nNIB: 

FIB(X,B,RIB):;:::; F(x,B,R) V x E B and any R E nN such tbat RIB == RIB. 

It can be easily checked' that, if F satisfies regularity, WP and IIA, then FIB also satisfies 

regularity, WP and IIA for any B E A. THis observation is important for the proof of our next 

proposition. 

The final result required for the proof of the maill result is Proposition 5. The proof uses 

a simple induction logic. Depending on whether the feasible set B has two or more fewer 

alternatives, or exactly one fewer alternative than the universal set, the proof has two parts. 

In the first case, we consider the restriction of the SSCF to a superset of B with exactly one 

alternative less than in the universal set and exploit the observation made above about the 

properties it inherit.s from the original SSCF. Tn t.he la,t.er f.Me, a.s in the proof of Proposit.ion 

4, we rely on the amount of freedom available to choose a· new preference profil~ with certajn 

desirable properties, and tben a.ppeal to llA and regula.rity. 

Proposition 5 : Suppose m ~ 4. Let F be a regular SSCF that satisfies WP and llA. If 

BE A but B:i A, and R E nN, then F(x,B,R) = 0 V x E B - P(N,RIB). 

Proof. Because of Proposition 4, the proposition is true for m = 4. Then, using an induction 

argument, the proof is complete if we show that the proposition holds for m = t +1 whenever 

it holds for m = t ~ 4 (t < (0). So let us suppose that the proposition holds for m = t ;::: 4 

(t < (0). Consider A such that IAI = m = t + 1. Let B E A but B #- A, and R E nN. Then 

there are two possibilities: (a) IBJ ::; t - 1; and (b) IBI :;:: t. 
(a) IBI ~ t -1; Clearly, there exists BO E A such that IBol :;:: 'and Be BO. Then, as the 

proposition is true for m = I, it must be the case that FIBo(a,B,RIBO):;:: 0 Va E B-fJ(N,RIB). 

Hence, F(a,B,R) = 0 V a E B - P(N,RIB). 

(b) IBI :;:::; t: Let z- E B - P(N,RIB). Also let {w} = A-B. Then we must show that 

f'(x·, R,R) :;:: O. If IG1(RiIR)1 = 1 ViE N, thp.n, hp.C.UHie of Coronary 2, thp. proposition is 
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true. So we suppose 1(;'I(RjI8)1 2:': 2 for some j € N. Ltlt X,y E GI(RjIH) be distinct. Then 

8- {x, y, x"} # 0 M IBI =: t 2:': 4. So let z E B-{x,y,x"}, and define b ;;:; (B - {x*,z})U{w} and 

I} ::: A - {i, y}. Now, consider Ii E 1lN such that RID =: RIB, G2( iii/A) :::; {IV} ifi E N is such 

that {x,y}nG1(R,IB):f 0, and aAw Va E B if i EN is such that {i,y}nG1(RtlB) = 0. Then 

it is easily verified that IB/ =: Ibl ::: t -1, w eB - peN, RIB) and x" E B- fJ(N,Rlb). So, using 
4 

the conclusion drawn in possibility (a) above, we get F( w, il, Ii) ::: 0 and F(x·, il, R) = O. Then 

regularity implies F(w,A,R)::::: 0 and F(x'",A,R) =:; O. Therefore, EaE:t-{zO,w} F(a,A,R) = 1. 

But, clearly, A. - {x*, w} =:; 8 - {x"} C 8 C A. So, using regularity, we get EaEB-{J;*} F(a, B,Ft) 

::; L Then RIB::;: RIB and IIA implies LaEB-{x*} F(a,B,R)::; 1. Hence, F(x",B,R) = O. 

This completes the proof of Proposition 5. II 

We are now ready to present our characterization of the structure of coalitional power when 

the universal set ha.') four or more alternatives. This theorem states that the distribution of power 

under a SSCF F, which satisfies regularity, WP and IIA, is such that~ given a feasible proper 

subset B of the universal set and a preference profile R, for each coalition S in the partition 

P( B, R), the social probability of choosing an alternative that is a best feasible alternative for 

some member of S is equal to the weight of S. 

Theorem: Suppose m 2: 4. Let 'F be' a regular SSCF that satisfies WP and IIA. If B E .A bu.t 

B 1= A, and R E 1(,N, then EXE{J(S,RIIJ) F(x,B,R):::: llF(S) V S E P(B,R). 

Proof We hav~ already proved the theorem for m = 4 in Proposition 4. So, if we prove 

the theorem for m = t + 1 whenever it holds for m ::; t 2: 4 (t < (0), an induction argument 
" 

c:omplp.t.p.s t.hp. proof of t.he t.hp.orem for any nnit.p. m 2: 4. 

Suppose t.he t.hp.orem holds for m:::: t 2: 4 (t < 00). Consioer Al1H:h t.hat.IAI = m = t+ 1. 

Let BE A but B 1= A, and R E nN. By Propositio~ 5, EnE.B(N.RIB) F(a,B,R) = 1 = llF(N). 

. So we suppose PCB, R) ::f: {N}. Let w E A-B. Now pick any S E PCB, R), and define iJ 

:::: B U {w}, iJ = jj - P(S,RjB) and jj :::: iJ - fJ(N - S,RIB). Consider R E 1(,N such that 

RIB:::: RIB, G·.dil&liJ) ::; {w} if i E N - S, and aAm V a E B if i E 5'. Then it is obvious 

that II ::f: A and ill E II - P( N, Rill). So Proposition 5 implies that F( IL', iJ, R) O. Therefore, 

using regularity, we get 

(.5) F(w,B,R) = o. 

It ca.n also be verified tha.t B ::f: A, L(w, B,R) :::: N - S, and (J(N - S,RIB) :::: {wI. Then 
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Proposition 2 implies that F(w,B,Jt) 2: t>,p(N -1;). So, becauscofCorolla.ry 1 and ]>ropc>sition 

5, E aEIJ(N,RI8)-{w} F(a, iJ,R) :S (~p(.s') must hold. Then Eaea(N,RI8)-{w} F(a, B, R) :$ n:F'(5') 

follows from regularity, wllich together wah (5) gives. . 

(6) L F(a,iJ,R):£ opeS). 
oEP(N,RIB) 

Then, as jj - .B(N,R]iJ) = B - f3(,,~,RJB), (6), Corollary 1 and regularity imply that 

(7) 	 ~ F(a,B,Rl ~ ~ F(a,B,R) ~aF(N - 8). 

o€B-{J{S,RJB) 'aEB-{J{S,RIB) 


Using RIB =RIB and IIA in (7), we then get EaEB-P{S,RIB) F(a, H, R) ~ aF(N - 5), which 

in conjunction with Corollary 1 gives Eat:P{S,RIB)F(a,H,R) $ aF('~)' But.~ was arbitrarily 

chosen from P(H,R). Therefore, we can conclude that 

(8) 	 L F(a,H,R) $ oweS) 'liSE P(B,R). 

aEP{S,RIB) 


Then, as PCB, R) is a partition of N, it follows from (8) and Propositions 3 and 5 that 

1 = L F(a,B,R) == 2: L F(a,B,R)::; L OF(S):: 1. 
oEP{N.RIB) 	 S€'P(B.R) aEP{S,RIB) SE'P{B.R) 

Hence, (8) must hold as an equality for every S E P(B,R). This completes the proof of the 

theorem. II 

Gi VP.f1 a.f1Y SEAl, let. 

:Fs = {F: Exep{S,RIB) F(x,B,R) = 1 V (B,R) E A X nN} . 
:Fs can be interpreted as the class of all SSCFs that give oligarchic power ,to the coalition S 

in the following sense - given any feasible set B and any preference profile R, an alternative 

which is not best in B for anyone in the coalition S according to their preferences in R has zero 

probability of being the socially chosen feasible altentative. Clearly, for each i EN, .r{i} is the 

appropriate stochastic counterpart to the class of deterministic social choice functions in which 

indi vid ual i is a weak dictator.7 

The next two straightforward corollaries of our main result essentially show that, under tbe 

conditions of the Theorem, a SSCF can be interpreted as a weigllted random oligarchy or as a 

weighted random dictatorship. The weighted random dictatorship result of PP (Theorem 1.11) 

can also be viewed as a special case of Corollary 4 given below. 

7When we restrict iDllivi~ual preferellct: reJation~ to the M:l of all linear or~ering:. 01\ At .Tt.} i:. equi,'alt:1I1 tu . 
the class of decision schemes in which individual i is a dictator as defined in PP. 
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Corollary 3 : 8tJppo,<;e m ?; 4, and P is a N1gu/ar ~SCF that satisfies WP and I1A. Let B E A 

but B :j:. A, and R E 1lN. If {drhep(tI.,lt) is a set of SSCFs such that dr E Fr for each 

T E P(B, R), then 

L P(x, B,R) == L I: O:F(T)dT(X, B,R) V S E P(8,R). 
J:EIJ(S,RIB) :rEIJ(S,RIB) TEP(B,R) 

Proof. SUppose 8 E A bitt B :j:. A, and R E 'R,N. Let {dT }TEP(B,R) be such tha.t dT E FT for 

each T E P(B,R). Also, let S E P(B,R). Then we have 

(9) L: L aF(T)dT(x, H, R) == I: [fl'F(T) L dT(X, H, R)]. 
xEIJ(S,RIB) TEP(8.R) Tep(8,R) xeJ1(S,RIB) 

By definition, peS, RIB)np(.9, RIB) == 0 and L.t'eIJ(S,RIB) ds(x, B, R) == 1 V .9 E PCB, R)-{8}. 

So LxeIJ(S,RIB) ds(x, B,R) = 0 V S E P(B,R) - {S}. lIenee, (9) can be rewritten as 

(10) L: L of(T)dT(X,B,R) == aF(S) L: ds(x,B,R) == aF(S), 
xeIJ(s,RIB) TEP(B,R) xEIJ(S,RIB) 


However, because of the Theorem, (lO) is all that we need to show. II 


Coronary 4 : Suppose m ?;: 4, and F is a regular SSCF that satisfif!l'1 WP and TT A. T£t H E A 

but B f. A, and R E nN. If {diheN is a set ojSSCFs such that di~E F{i} for each i ,E N, then 

L F(x,B,R) = L L aF({i} )di(X, B,R) V S E P(B,R). 
:t:EIJ(S,RIB) xep(S,RIB) ieN 


Proof. The proof is omitted as it is similar to that of Corollary 3. II 


Suppose one of the following two conditions arc satisfied in addition to those specified in our 
'. 

Theorem: (i) the preference profIle R is such that there are at least two alternatives that are ' 

not best in the universal set for anyone according to their preferences in R; or (ii) the number 

of alternatives in the universal set exceeds the number of individuals in the society by at least 

two, and the preference profile R is such that there is at least one alternative which is not best 

in t.he nniversal set. for anyone ac.c.orciing t.o t.heir preferenc.es in R. Then a simple c.onseqllf>nce 

of regularit.y is t.hat. t.he conclusion of Proposit.ion 5 remains v<l.1ici even when t.he 1lniversal set is 

the f~a.'3ihle set. Th~rf.'forf.', Lemma. 1 allows us to consider the universal set as the feasihle set 

in our Theorem. This extended result is f~rmally stated as our last proposition. 

Proposition 6 : Suppose m ~ 4. Let F be a regular SSCF that satisfies WP and IIA, and 

let R E 1lN. If (i) IA - peN, RIA)! 2: 2, or (ii) m ?;: n + 2 and fA - (J(N, RIA)I > 1, then 

LxeIJ(S,RjA) F(x,A.R) = aF(S) V S E P(A,R). 
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Proof. Suppose fit, '1'1 alld R E 1lN arc such that: (i) IA P(N! RIA)I ~ 2, or (ii) m ~ 11'+ 2 

Hnd IA- fi( N, RI A)I 2= 1. Wf\ fir!>" show t.hat in hoth tllflClR F'(:1:, AI R) := 0 V x E A - /~( N, RI A). 

0) IA-P(N,RIA)I;:: 2: Let z E A-P(N,RIA) a,nd B:= P(N,RjA)U{z}. Clcarly,.B:f. A 

nnd {z}:;; B-fj(N,RIB). By Proposition 5, we then have P(z,B,R);: O. Therefor~, regularity 

implies P(z,A,R) =:: O. 

(ii) m 2: 71+ 2andiA -P(N,RIA)1 ~ 1: As IA - P(N,RJA)j 2:: 2 has already been 

considered, we only 100k at IA -P(N,RIA)I ::;: 1. Suppose, for each x E peN, RIA), there exists 

i E N such that Gl(RiIA) == {x}. Then n 2: IP(NtRIA)I, which implies m ~ n + 2 > n +1 

~ IP(N,RIA)I +1 :: fit, an impossibility. Hence, there is an alternative in P(N,R(A), say w, 

such that {w} ¢ G1(RijA) for every i E N. Let A - P(N,RIA) :: {y} and B = A - {w}. Then 

Y E iJ -P(N,RIB). SO F(y,B,R) ::;: 0 follows from Proposition 5. Therefore, by regularHy, 

F(y, A, R) ::;: O. 

Thus, POS(F,A,R) {; peN, RIA) C A holds in any case. Then, because of Lemma 1, we 

have 

(11) F(x,P(N,RIA),R) ;: F(x,A,R) V x E P(N,RIA). 

OhviOlJRty, P(fi(N,RIA),R) ::;: P(A,R) and P(S,Rlfi(N,RIA» = fi(S,RIA) V S E 1'(A,R). 

Hence, (11) in conjunction with the Theorem imply 

L F(x,A,R) = L P(x,P(N,R/A),R) = CkF(S) VS E P(A,R). II 
.:I'E.8(S,RIA) .:I'EP(S,RIP(N,RIA» 

In Proposition 6 the two additiona1 conditions are independent of each other. However, when 

preferences are restricted to be strict, as m ;:::: n +2 implies IA - P(N,RIA)I ;:::: 2, the second 

condit.ion is stronger t.han t.he first. Thus, alt.hough PP's additional condit.ion for t.heir extended 

result. (Theorem 4.14) is m !! n +2, our Proposition 6 shows that their result is actually a 

consequence of a weaker conwt;on on the preference profile, namely, IA - fJ(N,RIA)/ ;::: 2. 

Need1ess t.o say, using Proposition 6, it is easy to show t.hat Corollaries 3 and 4 a1so hold when 

we consider the universal set as the feasible set provided at least one of the pair of additional 

conditions specified in Proposition 6 is satisfied. 

5 Conclusion 

We provided a natural extension of the results in PP to the case in which individuals might 

have indifferenC'R. hetween altematiVf>A. When there are at )p.ast fOllr elemtmt.s in the universal 
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set of alternatives a.nd the stochastic social choice function is regular, weakly Parctian ex-pGst 

a.no "aHRfif~1I indep4lnoml("p of irrp.hw8.nt 8.1t.Mna.t.ivt'lR, as in PP, t,hprp. ill a. unique nonnf'gative 

w(·ight MRofiat(>d with p;H'h ('oaHtion of individuals in t.ht> soC'i('ty. For e;'i.rh sodal prE:'fer('nc:e 

profilp, wb':'n the aho\rp, mE'utionE'd ('(mdiUons hold and the f(,<1siblf;' set is a proper l\ubset of the 

universal set of social alternatives, we showed that the society can be partitioned into coalitions 

of individuals in such a way tha.t the sum of the social probabilities of all the alternatives in the 

union of tIle best sets of the members of each coalition is equal to the weight of the coalition. 

When the universal set of social alternatives itself is the feasible set, we showed that our result 

still holds provided the social preference profile is such that there are at least two alternatives 

that are not best in the universal set for anyone, or the number of alternatives in the universal 

set exceeds the number of individuals in. the society by at least two and the preference profile is 

such that there is at least one alternative which is not best in the universal set for anyone. 

AJthough this paper derived restrictions on the distribution of coalitional power for SSCFfi, 

it is easy to construct examples to show that the results presented here do not fully characterize 

the structure of coalitional power under SSCFs. So how close to a complete characterization 

are our results? We offer the following simple answer to this question. The examples in PP 

can be extended consistently to our expanded preference domain in a straightforward manne:r 

to show that our Theorem may no longer hold when anyone of its conditions is violated, and 

also, Proposition 6 may not be true when both additional conditions sllecified in it are dropped.s 

Thus, in a way, the results of the pa.per can he c.onceived a.s represent.ing an almost c.ompletp. 

characterization of the structure of SSCFs in our framework. 

8These extended examples can be provided to the interested reader on request. 
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