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Abstract

When the individuals in Pattanaik and Peleg [16] are permitted to have weak preference
orders, we show that: (i) as in their paper, there is a unique weight for each coalition; and (ii)
for each feasible proper subset of the universal set and each preference profile, the society can
be partitioned, so that, the weight of each coalition in this partition gives the probability of
choosing some alternative which is best in the feasible set for at least one individual in the coali-
tion. When the universal set is the feasible set, our result still holds provided certain additional
conditions are satisfied. Journal of Economic Literature Classification Number: D71
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1 Introduction

Since the seminal work of Arrow [1] in social choice theory, many attempts have been made,
without much success, to escape his impossibility theorem by modifying the conditions which
he required the social choice rule to satisfy. The numerous impossibility results in the social
choice literature bear testimony to the robustness of Arrow’s impossibility result. These negative
results are partly responsible for a line of research which considers probabilistic social choice rules
to aggregate individual preferences on social alternatives. Probabilistic social choice rnles are
more general than their deterministic counterparts and increase the possibility for satisfactory
aggregation of individual preferences.

Apart from opening up the possibility :)f escaping the Arrow-type impossibility results, an
equally important and attractive aspect of the probabilistic framework is the scope it provides for
incorporating certain notions of fairness and reasonable compromise into the collective decision-
making process. For example, conéider the situation of two seriously injured accident victims
who each must have a pint of blood to survive, but there is only one pint of blood available
and each individual wants to have it. In this situation of conflict of preferences, flipping a coin
to determine the actual recipient of the single available pint of blood seems to incorporate a
certain element of fairness and reasonable compromise which is Mlad(ing in deterministic socjal
choice ru’les.

The Arrow conditions in the deterministic framework imply that the social choice procedure
satisfies a neutrality property which plays a key role in the dictatorship theorem, namely, if any
group of individuals is decisive over some pair of social alternatives, then that group must be
‘decisive over e\*efy pair of social alternatives. A probabilistic analogue of neutrality is satisfied
in the probabilistic framework when the Arrow conditions are ap;;ropriately translated into their
probabilistic counterparts. ?I(;wever, in this framework neutrality is a more appealing principle
because of the rahdomness present in probabilistic social choice rules’. For example, a random
dictatorship satisfies neutrality while avoiding maany of the undesirable features of a deterministic
dictatorship.

As in the deterministic éase, the probabilistic social choice rules that are considered in the
;;roba‘bilistic,social choice literature can be broadly classified into two categories, namely, those
that map each social preference profile to a lottery over social preferences, and those that map

each combination of a social preference profile and a feasible set (which is a subset of the universal



set of social alternatives) to a social choice lottery over the feasible set. We refer to these kinds
of rules as stochastic social welfare functions and sf.bchast.ic social choice functions, res;iectively,

A major concern of probabilistic social choice theory is to characterize the properties of the
power structures that can arise in this framework when the appropriate prbbabilistic analogues
of the axiom systems used in the various impossibilit;jr theorems in the deterministic framework
are adopted. Loosely speaking, by power structure we mean the distribution of the degree of
influence in the social decision process that different groups of individuals may have. In the
case of stochastic social welfare functions, this line of investigation was initiated by Barbera and
Sonnenschein [6] and subsequently pursued by Bandyopadhyay, Deb and Pattanaik [2], Heiner
and Pattanaik [12], and McLennan [14). In this literature, the power of a coalition to determine
the social choice probabilities in pair“;ise comparisons’are induced by‘ the probabilities assigned
to the social preferences. However, unlike the deterministic framework, where the distribution
of coalitional power in nonbinary choice sitha.tions is completely determined by the distribution
of coalitional power for binary comparisions, it is not at all clear if the results in these papers
can be used to derive restrictions on the distribution of coalitional power for nonbinary choice.
This is a serious weakness if we maintain that from a social action perspective the significance
of the probabilities assigned to the social pt:eferences lies in the social choice probabilities they
induce over each possible feasible set of social alternatives.

Among the literature which considers stochastic social choice functions, to our knowledge,
Barbera and Valenciano 7], and Pattanaik and Peleg [16] are the only articles that systemat-
ically investigate the distribution of coalitional power.! However, as Barbera and Valenciano

[7] implicitly consider only those feasible sets that contain exactly two social alternatives, their
work also suffers from the same weakness mentioned in the previous paragraph. Pattanaik and
Peleg [16], which is henceforth referred to as PP, consider feasible sets with arbitrary numbers of
alternatives. For the axioms considered by them, they were able to characterize the distribution
of coalitional power even when the feasible set contains more than two social alternatives.

PP considered stochastic social choice functions that satisfy three conditions they called

independence of irrelevant alternatives, ez-post Pareto optimality and regularity.? Independence

"Most of the other works in this literature (Barbera [3,4], Fishburn [9], Fishburn and Gehrlein [10], and
Intriligator [13] to mention a few) focus attention on the properties of particular stochastic social choice functions.

*Independence of irrelevant alternatives and ex-post Pareto optimality are respectively the probabilistic coun-
terparts of Arrow’s [1] Independcnce and Pareto conditions. Regularity is a natural probabilistic version of a
rationality condition in the deterministic framework due to Chernoff [8] known as property a.
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of irrelevant alternatives requires that the social choice lottery over a feasible set of alternatives
must be the same for any two preference profiles which are identical when restricted to the feasible
set. Ex-post Pareto optimality says that,{ if everyone prefers some alternative to another, then
the social probability of choosing the later must be zero whenever both of them are feasible.
Regularity requires that the social choice probability assigned to each alternative in a feasible
set must not increase from its original value when the individual preferences remain the same
but the feasible set is expanded by adding more alternatives. When the universal set of social
alternatives contains at least four elements and individual preference orderings are strict, PP
showed that a stochastic social choice function is essentially a random dictatorship if it satisfies
their three conditions. More precisely, they first derived a unique weight for each individual
such that the vector formed by these individual weights has the properties of a probability
distribution over the set of all individuals. Then they showed that the probability of society’s
choosing an alternative from a feasible set, which is distinct from the universal set, is equal to
the sux‘n‘of the weights of those individuals who have that alternative as their best alternative
in the feasible set. When the number of alternatives in the universal set exceeds the number of
individuals in the society by at least two, their result extends to the case in which the feasible
set is the universal set itself.

The assuinptibn that individuals can only have strict preference orderings plays an important
role'in the result of PP. However, as the anthors themselves pointed out, this is a rather restric-
tive assumption. Therefore, tﬁe next logical step is to permit individuals to have indifference
between alternatives and ask whether there are any natural extensions of the results of PP with
" this expanded individual preference domain. The present paper pursues this particular line of
investigation.

To understand the difficulty that arises when the individual preference domain is expanded to
permit indifference between alternatives, consider a feasible set of alternatives B and a preference
profile R. If z and y are two alternatives in B and the individual preferences in R are strict,
then, as there is only one best alternative in B for eafch individual, the intersection of the set
of individuals who have z as their best alternative with the set of individuals who have y as
their best alternative is empty. This fact is crucial for the weighted random dictatorship result
of PP as it allows a specific partitioning of the society in which each member coalition consists
of all those individuals who have the same best alternative in .B. However, such a partition of

the society may no longer exist if we permit the individual preferences in R to have indifference
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between alternatives. When the individual preferences in R are not necessarily strict, as each
individnal may have more than one hest alternative in B, it is possible for two individnals tc
have best sets in B that intersect but are not equal to each other. So we must deal with thes
possibility that, given any two alternatives z and y in B, the two sets of individuals whose
members respectively have z and y as a beét alternative in B may intersect with each other.

f Suppose there are at least four elements in the universal set of alternatives and the stocliastic
social choice function satisfies the three conditions’ of PP, namely, independénce of irrelevant
alternatives, ex-post Pareto optimality and regularity. Also, suppose B is a proper subset of
the universal set of alternatives and R is a social profile of preference orderings. The society is
then partitioned in such a way that each coalition § in the partition satisfies: (i) if individual
i belongs to § and individual j does not helong to S, then their best sets in B do not have any
common alternative; and (ii) if individual i belongs fo S and there are at least two individuals
in S, then at least one alternative which belongs to individual i’s best set in B also belongs to
the best set in B of some other individual in §. This way of partitioning the society is in some
sense a generalization of the one described before fdr the case of strict individual preferences,
because it yields the same partition of the society as before whenever the individual preferences
in R are strict. We then show the following: (i) as in PP, there is a unique nonnegative weight
for each individual in the society; and (ii) when B is the feasible set of alternatives and R is
the social preference profile, the sum of the weights of all individuals belonging to the same
coalition in the partition just df;scrihed gives the probability that some alternative which is hest

in B for one of these individuals is chosen. If the social preference profile R is such that at least

two alternatives do not belong to any of the best sets in the universal set, or the number of

alternatives in the universal set exceeds the number of individuals in the society by at least two
and the social preferencé profile R is such that at least one alternative does not belong to any
of the best sets in the universal set, then the feasible set B does not have to be distinct from the
universal set for our result to héld. These results reduce to the results of PP whenever everyone
has unique best feasible alternatives. So our results are generalizations of those in PP.

In the next section, we introduce some prerequisite notation and definitions. The unique
nonnegative weight of each coalition of individuals in the society is derived in section 3. The

results of the paper, which we have briefly outlined above, are presented in section 4. We

conclude in section 5.




2 Notation and Definitions

The universal set of alternatives, denoted by A, has m alternatives with oo > m >3 Let A
be the set of all nonenipty subscts of A (i.c. A = 24 — {#}).% An ordering on A is a reflexive,
complete and transitive binary relation on A. We denote by R the set of all orderings on A. |

Let N = {1,...,n} be the set of all individuals in the society, where co > n > 2. Also, let M.
be the set of all nonempty subsets of N (i.e. & = 2V — {#}). Then, as any subset of individuals
in the society is a coalition, A is the set of all possible coalitions in the society. We denote the
coalitions in N by §, 8, §,....

Given any S € N, R® denotes the |§|-fold Cartesian product! of R. We use the term
preference profile for the members of RY 'a.rid denote them by R, R, R,... . Given a preference
profile R € RV, the ith coordinate of R, which we denote by R;, represents the preference
relation on A of individual ¢ in the preference profile R. As usual, qu each possible ordering
R; € R of individual 1, F; and I; denote the asymmetric and symmetric parts of R;, respectively.

Definition I: A stochastic social choice function (SSCF) is a function F : AX AX RN — £,
which satisfies Y .5 F(z,B,R) = Yoea F(z,B,R) =1 ¥ (B,R)€ Ax RV

Given a SSCF F, (B,R) € A x R" and z € A, we interpret F(z,B,R) as the probability
| of :t: being chosen by the society when the feasible set is B and society’s preference profile is R.
Thus, for each feasible set and each preference profile, a SSCF alwayvs assigns zero probability
to any nonfeasible alternative.. . ‘

Given any (B,R) € A x RV, we denote the set of all weakly Pareto optimal alternatives in
~ B according to R by WPAR(B,R); i.e.

WPAR(B,R) = {x € B: there does not exist y € B such that yPiz Vie N}.

Given a SSCF F, let POS(F, B, R) be the set of all alternatives that are assigned positive
probabilities by F when the feasible set is B € A and the preference profile is R € RV; i.e.

POS(F,B,R) = {z€B: F(z,B,R) > 0).
Definition 2: A SSCF F is weakly Paretian ex-post (WP) if and only if
POS(F‘,B,R) e WPAR(B,R) ¥V (B,R) € Ax RN

3Given any two sets D and E, we use the convention of letting D— E = {r€ D:r ¢ E}.
*Given any set D, we follow the standard convention of denoting the number of elements in D by |D].




Let B € A. For each i € N and each R; € 1?;, we denote the restriction of By to B by R;|B.
Similarly, for each R € R‘V, we denote the restriction of R to B by R|B = (R|8,..., R.|B).
Also, we*denote thi? set of all possible orderings on B by R|B and the n-fold Cartesian product
of R|B by RN|B. Thus, for any R € RV, it is vai‘bus that ;|8 € R|B V i € N, Z;ud
R|B e RNB. | : | | |

The following definition of independence of irrelevant alternatives (IIA), which is the appro-
priate counterpart of the one in the deterministic framework, is as given in PP.

Definition 8: A SSCF F satisfies IIA if and only if V¥ B€ Aand VR,R € RV
[R|B = R|B] = [F(z,B,R)= F(z,B,R)Y z € B].

The final condition we want to impose on a SSCF is regularity. This condition is a natural
extension to the current framework of condition a of Chernoff [8], which is a minimum consis-
tency condition for rationalizability of choice functions. For a more detailed discussion of this
regularity condition the interested reader is referred to PP.

Dcfinition §: A SSCF F is regular if and only if V B,B€ Aand VR € RY

[ce€ BCB] = [F(z,B,R)> F(z, B,R)].

3 Coalitional Weights

In this section, corresponding.to each SSCF F which satisfies certain conditions, we derive a
unique nonnegative number for each coalition of individuals § € A called the weight of coalition
+ S according to the SSCF F. Given any partition of the society, the sum of these weights over
all coalitions in this partition is equal to one. Although we carry ont onr analysis in a sfightly
different manner, these weights are essentially the same as those in PP.

Given a S5CF F which satisfies certain conditions, a coalition § € A and any two pairs of
alternatives (z,y) and (z,w), let R and R be two preference profiles such that everyone in §
. prefers r to y and z to w according to their preferences in R and R respectively, and everyone
outside S prefers y to z and w to 2 accofding to their preferences in R and R respectively. We
then establish that the social probability of choosing = when {z,y} is the feasible set and R is
the preference profile must be the same as the social probability of choosing z when {z, w} is
~ the feasible set and R is the preference profile. It is this social probability which is the weight

of the coalition § according to the SSCF F. Thus, to some extent, the weight of a coalition §




according to a SSCI' I indicates the power that coalition S has to influence the social choice
probabilities. These weights play a key role in the characterization of the coalitional power
structure, ,

We begin with a lemma which is the counterpart of Lemma 4.1 in PP. This lemma. completely
characterizes the condition under which the probability assigned to each alternative in a feasible

set by a regular SSCT F remains unchanged when the feasible set is expanded,

Lemma 1 : Suppose I is a regular SSCF, and B,B € A with B C B. Then, for any R €
RN, POS(F,B,R) C B if and only if F(z,B,R) = F(z,B,R)V z ¢ B.

Proof. Let B,B € Awith BC Band Re RV,
(Necessity): Suppose POS(F, B, R) é B. Then we have
3 F(z,B,R) = Y F@BR) £ Y Fz,BR) < L
zeh z€POS(F,B,R) =€B
Thus, 3 .ep F(z, BR)=1= > zep F(z, B,R). But by regularity, F(m,B R) > F(x B,R)V
z € B. Hence, F(z,B,R) = F(z, B, R)VzeB.
(Sufficiency): Suppose F(z,B,R) = F(z,B,R) V =z E B. Then 1= ZreB F(z,B,R) =
S ees Flz, B,R), which implies that POS(F, BR)CB. |

The next two lemmas consider the neutrality features of the stochastic social choice function.
Lemma 2 : Let F be a regular SSCF that satisfies WP and 11A, and let ,y,z € A be three
distinct alternatives. If § C N and R, R ¢ RV are such that z Py and zBzVie$, and yPz
- and zPix Vi€ N - S, then F(z,{z,y},R) = F(:c,{:c,kz},l“l).

Proof Let z,y,2 € A be distinct. Suppose § C N and R,R € RY are such that zF,y and
zP:V i€ 8, and yPiz and zPzVie N~ 5. Consider R € RY such that :rﬁ;yf’;z Vie$
and yP;zPz Vie N — 5. WP implies that F(z,{z,y,2},R) = 0. Then we get

F(z,{z,2},R) = F(z,{z,z},R) [by 1IA]
| > F(z,{z,3zhR)  [by regularity]
= F(z,{z,y},R) [by Lemma 1 and .F(z,{z,y.z},R) = 0]
= F(z,{z,5},R) [by 11A] .

By a similar argument, we can also conclude that F(z, {z,y},R) > F(z, {r,z},f{).
Hence, F(z,{z,y},R) = F(z,{=,z},R). I




Lemma 3 : Let F be a regular SSCF that satisfies WP and A, and let T,y,z € A be three
distinet alternatives. If § C N and R,ﬁ. e RN are such thot Py and :PyvVi€s§, and yPix
and yP.z Vi€ N = S, then F(z,{z,y},R) = F(z,{y,2},R).

?

Proof Let z,y,z € A be distinct. Suppose § C N and R,R € RV are such that z/iy and

zPyVie §,and yPiz and yPi2Vie N-S.
Using Lemma 2, we get F(y, {z,y},R) = F(y,{y, 2}, R), which implies that

1~ F(y,{z,s}L,R) = 1- F(y,{y,2},R).

Hence, F(z, {z,y}.R) = F(z,{s,2},R). | o

Given a SSCF F', define the correspondence af : 2V —— R, as follows: for any SC N,

— . a= F(z,{z,y},R) for some distinct z,y € A and R € RV
QF(S)*{O‘GR*” such that zPiyVi€e Sand yNizVie N -5 ’

If a SSCF F satisfies WP, then it is easy to check that

(1) ar(N) = {1}, and ax(®) = {0).

Also, given a SSCF F, it follows from the definition of o that

(2) forany SCN: [acap(S) = [(1- a)we ap(N - 8))-

Now, given a SSCF F and a coalition § € N, consider any pair of distinct alternatives
7,9 € A and a preference proﬁlé R € RV such that zP.yVi€ Sand yPiz Vi€ N-§5. Aslong

_as F(z,{z,y}, R} = F(z, {x,y}*ﬁ.) for cvery R € RY that is identical to R when restricted to
{z,y}, which is the case if F satisfies I[A, the social probability of choosing z from the feasible
set {z, y} When R is the preference profile, F(z, {z,y},R), can be interpreted as the probability r
for coalition 5 to be almost. decivsive for = over y in the SSCF F. As a consequence, if ap(S)
contains a single nonnegative number, then the probability for coalition § to be almost decisive
for some alternative over another alternative is invariant to the pair of distinct alternatives
considered. Further, this probability is equal to the single number in ap(5). Proposition 1

demonstrates that ap(S5) is a singleton under our assumptions.

Proposition 1 : Suppose F is a reqular SSCF that satisfies WP and IIA. Then |ap(S)| = 1
for each S C N.
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Proof: Clearly, |ap()| = |ap(N)| = 1.

Suppose S € N such that S # N. Let R,R € ®" and z,y,2,w € A be such that z Py and
2P Vi€ S, and yPir and wPizVie N — S. Then it is sufficient to show that F(a, {x,y},R)
= F(z,{z,w},R). -

If 2 = 2, then, by Lemma 2, F(z,{z,y},R) = F(z,{z,w)},R). So we suppose that z # z.
As m > 3, let v € A be distinct from z and z. Now, consider R, R” € RN such thaft'x}’{z
and vP/zPl'c ¥ i € S, and zP/z and zP/zP"v ¥ i € N — S. Then we get the folloving
sequence of equalities:  F(z, {z,y},fl) = F(z,{z,z},R') = F(v,{v,2},R") = F(v, {v,2},R")
= F(z,{z,2},R") = F(2,{z,w},R), where the first, third and last equalities are due to Lemma
- 2, and the second and fourth equalities are,due to Lemma 3. Hence, we have F(z,‘{x,y},ﬁ.} =
F(z,{z,w},R) as desired. ||

The significance of Proposition 1 is that, for every coalition § € N, the single number in
ar(S)is a good indicator of the power of coalition S, and hence, there is a possibility of using ap
to derive restrictions on the structure of coalitional power. It is worth noting that Proposition 1
can be viewed as a probabilistic version of the neutrality feature implied by the Arrow conditions
in the deterministic framework.

Henceforth, we shall treat oF as a function; i.e. for each § C N, ap(S) is a nonnegative real

number rather than a set containing a single nonnegative real number. We have the following

straightforward corollary to Proposition 1.

Corollary 1 : If a regular SSCF F satisfies WP and 11A, then ap(S)+ ap(N — §) = 1 for
“each SC N. V ‘ '

Proof: Follows from (2) and Proposition 1. ||

To characterize the coalitional power structure in terms of the function or it is essential
that ap be additive, so that, given any partition of the society. the sum of ap(S) over all
coalitions S in the partition is equal to one, the power of the grand coalition A'. Before we show

this additivity property of ar, we need to introduce some notation and prove a preliminary

proposition. _
Given B € A, i€ N and R; € R, let

G\(Ri|B) = {z€B: zRy VyeB): and

10




p-1 -1 ‘
Go(Ri|B) = {zeB*UGq(R;IB): Ry Vye B—-UGQ(&IB)} Vp22

g=1 g=1
Thus, Gi1(Ri|B) is the best set in B according to R;, G2(Ri|B) is the second best set in B
according to R; and so on. ’

Givenz € Be Aand R € RV, let

ﬁ(@,RlB) = @7
BS,RIB) = [JG(R(B) VSeN, and
€S

L(z,B,R) = {ieN: z€ G (Ri|B)}.

So B(S,R|B) is the set of all alternatives that belong to the best set in B according to the
preference in the profile R of at least one individual in the coalition S, and L(z,B,R) is the set
of all individuals who have z in their best sets in B according to their preferences in R.
Consider a SSCF F that satisfies regularity, WP and IIA, and any feasible set B distinct
from A. Suppose z € B and R is a preference profile such that z € G';(R;IB) for some individual
7, and either z is the unique member of Gy(R;|B) or z ¢ Gy(R;|B) for each individual i. Then
the following proposition, which is in the spirit of Claim 4.7 of PP, shows that we can find some
feasible set {z,w} and a preference profile R that satisfies zP,w for each i € L(z, B,R) and wh;z
for each i € N — L(z, B,R) such that the social probability of choosing z from B, F(z, B,R),

is at lcast as large as that of choosing =z from {z,w}, F(z, {z,w},R).

Proposition 2 :  Suppose F is a regular SSCF that satisfies WP and IIA. Ifz € B € A and
" R € RN are such that B # A and f(L(z, B,R),R|B) = {x}, then F(z, B,R) > ar(L(z, B,R)).

Proof. Suppose z € B € A and R € RY are such that B # A and 8(L(z, B,R),R|B) = {z}.
Let y€ A— B and B = BU{y)}. Also, let R € ’R,N.be such that R|B = R|B, G2(&:|B) = {y}
Vie L(z, B,R) and Gy(R:|B) = {y} YV i € N — L(z, B,R). Then WP implies F(z, B,R) =0
V 2 € B - {z,y}. So, by Lemma 1, F(z, B,R) = F(z,{z,y},R) = ar(L(z, B,R)). Because
of regularity and IIA, we also have F(z,f)’,f{) < F(z,B,f{)‘ = F(z,B,R). Hence, we have
F(z,B,R) > ap(L(z, B,R)) as desired. || |

We are now ready to formally state our desired result in the form of Proposition 3, which
is similar to Claim 4.8 of PP. This proposition shows that, if F is a regular SSCF that satisfies
WP and IIA, then af is-a subadditive function, which is additive whenever there are four or

more social alternatives,

i




Proposition 3 : Let I' be a regular SSCF that satisfies WP and 11A,and suppose S,T € N
are disjoint. Then op(8) 4+ ap(T) 2 ap(SUT). If m 2 4, then ap(S)+ ap(T) = ap(SUT).

Proof: Let S,T € N be disjpi;\t. The proposition is trivially true if SUT = N. So we suppose
SUT #£ N. Let z,y,2 € A be distinct. Also, consider R € RY such that zP,yPiz Vi e S,
yPizPix Vi€ T, and 2Pz PiyVi€ N - (SUT). Then we have the following:

ap(8) + ap(T) = F(z,{z,2},R) + F(y,{z,y},R)
| > F(z,{z,y,2},R) + F(y,{z,¥,2},R) [by regularity]
= 1~ F(z,{z,y,2},R)

> 1 - F(z,{y,z}., R) [by regularity]
= 1-ap(N-(5UT))
= ap(SUT) [by Corollary 1].

Now, suppose m > 4. Then we have {3,y,2} # A, L(z,{z,y,2},R) = S, L(y,{=,9,2},R)
=T, I(z,{z,y,2},R) = N - (SUT), B(S,Ri{z,y,z}) = {z}, B(T\R|{z,y,2}) = {y} and
B(N — (SUT),R|{z,y,2}) = {z}. So, using Proposition 2 and regularity, we get

Fz,{z9,2hR) 2 ap(5) = Fo{z,2},R) 2 F(z,{z,5,2),R).

VHence, F(z,{z,y,2},R) = ap(§). Then, using a similar argument, we can also conclude that

F(y,{z,y,2},R) = ap(T) and F(z,{z,y,2},R) = ap(N - (SUT)). Therefére,

ap($)+ ar(T) = F(z,{z,y,2},R) + F(v,{z,9,2},R)
= 1- F(z,{z,v,z},R)
= 1-ap(N-(SUT))
= ap(SUT) [by Corollary 1]. ||

Thus, given an universal set with at least four social alternatives and any regular SSCF F
that satisfies WP and IIA, it follows from Proposition 3 that ap(S) = 3 esar({i}) VS € N.
Further, if {.‘)"°}(‘,(‘?_.=1 is a partition of the society,® then the sum of ag(57) over all coalitions §9
in the partition {$ "}g‘;l is equal to one. So, for each coalition of individuals § € A, we refer to
ap(S) as the weight of the coalition S according to F.

We conclude this section with the following corollary, which implies the weighted random

dictatorship result of PP (Theorem 4.11).

%S0 {S9)2, issuch that STC NV g=1,..,Q 5'U..USY=Nand S NS =P for 1< ¢’ <¢" < Q.
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Corollary 2 : Suppose m > 4. Let F be a regular SSCF that satisfies WP and IIA. If

B e AandR € RY are such that B # A and |G(Ri|B)] = 1 Y i € N, then F(z,B,R)
= ap(L(z, B,R))V 2 € B(N,R|B) and F(z,B,R) = 0¥ = € B — B(N,R|B).

Proof: Suppose B € A and R € RY are such that B # A and lG;(R.-IB)I = 1Vi€ N. Then
B(L(z,B,R),R|B) = {z} V z € B(N, RIB) So, using Proposition 2, we get ;

(3) F(z,B,R) > ap(L(z,B,R)) V z e B(N,R|B).

Clearly, {L(z, B,R)}.cs(V,R|B) is & partition of N. Therefore, Proposition 3 implies that
Y ap(l(z,B,R)) = apr(N) = L.
zeA(N,R|B)
Now, because of (3) and the last equation, we get
Y F@BR) > Y ar(l(zBR) = L
z€A(N,R|B) z€0(N,R|B)
Then (3) in conjunction with (4) imply F(z, B,R) = ag(L(z,B,R)) ¥ z € B(N,R|B), and
F(z,B,R)=0Vz€ B~p3(N,R|B). |

(4) 1

v

4 The Structure of SSCF's

Suppose there are at least four alternatives in the universal set A. Let B be a feasible proper
subset of A, and let R be a preference profile. If the individual preferences in R are strict, then
{L(z, B, R)}.ep(v R B) defines a partition of the society that satisfies 3(L(z,B,R), R|B) = {z}
" foreach z € B(N,R|B). Using this partition, one can derive the weighted random dictatorship
result in PP from the structure of coalitional power for two-element feasible sets. But such a
partition of the society may no longer exist once the individual preferences in R are not restricted
to be strict. However, using two key properties of the partition {L(z, B,R)};cp(v Rip) When
individual preferences in R are strict, we can generate a partition of the society which can be used
to derive the structure of coalitional >pnwer for nonbinary choice from the restrictions for two-
element. feasible sets derived in the previous section. These two key properties of the partition
{L(z, B,R)} s~ RBy When individual preferences in R. are strict are: (i) #(L(z, B,R),R|B)N
B(N — L(x,B,R),R|B) = @ for every z € B(N,R|B); and (ii) for each z € B(N,R|B), if
L(z, B,R) has more than one member and i € L(z, #,R), then there is some other member

j € L(z, B, R) such that Gy (R;|B) N Gy(&,|B) # 0.
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Thus, given A, B and R. as above, let § € N be a coalition in the partition of the society
which satisfies the above mentioned two properties. So there is nothing in common between the
best sets in B of any two individuals according to their preferences in the profile R if anly one
of them belongs to the coalition §. Also, if the coalition § has more than one member, then
- every individual in S has some best feasible alternative according to her preference in R which
is also a best feasible alternative according to the preference in R of some other individual in
S. ‘Our main result shows that, for § satisfying the above properties, the social probability of
choosing one of the alternatives from the set 5(S,R|B) when B is the feasible set and R is the
social preference profile is equal to the weight of the coalition 5.

The steps we use to 'prove clur result are as follows: (i) we first establish our result when
m = 4; (ii) the next crucial step shows that, for any feasible proper subset of A and any preference
profile, the social probability of choosing an alternative which is a best feasible alternative for
no one in the society is zero; and (iii) finally, using an induction argument, we prove our result
for the more general m > 4 case. A

Given any B € A and any R € RV, let P(B,R) be the unique partition of N such that:®

(P1) if S,T € P(B,R) and S # T, then 8(S,R|B)NB(T,R|B) = §; and
(P2) if i € S € P(B,R) and || > 2, then G,(R:|B)N G\(R;|B) # @ for some j € § — {i}.
Thus, P(B,R) is the partition of the society which satisfies the two important properties dis-
cussed above. ’

The first proposition in this section is onr result on the structure of coalitional power for
" the case m = 4. As with most impossibility results, the proof exploits the fact that, given any
feasible proper subset B of the universal set A and a preference profile R, there are sufficient
degrees of freedom to choose another preference profile R such that both R and R are the same
on B and R also has certain desirable properties on some other subsets of 4. The new profile R
is then used to derive some restrictions on the social choice probabilities corresponding to some
feasible sets distinct from B. Then, by invoking I1A and regularity, these restictions are shown

to imply the desired restictions when B is the feasible set and R is the preference profile.

Proposition 4 : Suppose m = 4. Let F be a regular SSCF titai satisfies WP and 1IA. If
‘Be Abut B# A, and R € RY, then ¥ cpsr;p) F(z,B,R) = er(5) ¥ S € P(B.R).

It can be easily checked that P(B,R) is uniquely determined by (P1) and (P2).
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Proof: Let B € Abut B # A, and R € RV, Then we have the follhwing exhaustive list of
possibilities:  (a) |G(R|B)| = 1VieN; (b) |B| = 2 and |Gy(R;|B)| = 2 for some j € N;
(c) IB| = 3, |8(N,R|B)] = 2 and |G\(R|B)| = 2 for some k € N; and (d} |B| = 3 and
A(N,R|B) = B. |
~ (a)|Gi(Ri|B)l =1V i€ N: Corollary 2 implies the proposition in this case. |

(b) |B| = 2and |G1(R;|B)| = 2 forsome j € N: Then P(B,R) = {N}, and the proposition
holds. , '
(c) |B] =3, |B(N,R|B)| = 2 and |G\(R4[B)| = 2 for some k € N: Then P(B,R) = {N}.
Let B(N,R|B) = {z,y}, B~B(N,R|B) = {z} and A— B = {w}. Also, let {Ny, N2, N3} be the
partition of ¥ such that Gi(Ri|B) = {z,y} Vie Ny, Gy(Ri|B) = {z} Vi€ Ny and Gi(R;|B)
= {y} Vi€ N3. Now, consider R € R¥ such that R|B = R|B, Go(H;|A) = {w} Vi€ Nyu Na,
and aP;wVa € Bifi € Na. Clearly, as zPw Vi€ N, w ¢ WPAR(A,R). So WP implies
F(w,A,R) = 0. Let B = {y,z,w}. Then it can be verified that Gi(Bi|B)={y}Vie NyUN3,
G1(Ri|B) = {w} ¥ i € Ny, and P(B,R) = {N; U N3, N;}. Hence, using Corollaries 1 and 2,
we get F(y, B,R) + F(w, B,R) = ap(Ny U N3) + ap(N;) = 1, which implies F(z, B,R) =
0. Then, because of regularity, F(z,A,R) = 0. But we also know that F(w, A, R) = 0. So
we have F(I,A,ﬁ) + F(y,A,ﬁ) = 1. Then, using regularity once more, we get F(:c, B,R) +
F(y, B,R) = 1. Therefore, as R|B = R|B, IIA implies F(z, B,R) + F(y, B,R) = 1. Hence,
Laepvri) F(a, B,R) = 1 = ap(N).

(d) |B| = 3 and B(N,R|B) = B: I{ P(B,R) = {N}, then the proposition is obvious. So
we suppose P(B,R) # {N}. As the proposition is true in case of possibility (a), we only need

 to consider the case where |8(S, R|B)| = 2 for some § € P(B,R). Then it can be easily checked

that P(B,R) = {5, N -5}, |8(5, R| B)| = 2 and |3(N - §,R|B)| = 1. Solet §(S,R|B) = {z,y}
and G(N — S, R|B) = {z}. Then, because of Corollafy 1, it is sufficient to show that ‘F(z, B,R)
= ar(N - §). However, as Proposition 2 implies £(z, B, R) > ap(N —5), the proof is complete
if we show that F(z, B,R) < ar(N — S). Now, as before, let {w} = 4 — B. Also, let R € RV
be such that R|B = R|B, G2(&i|A) = {w} ¥ i € N such that G,(R;|B)n {z} # 0, and zP.w
and yPw Vi € N such that Gy(R;|B)N{z} = 0. Clearly, as zPw Vi€ N, w ¢ WPAR(A,R).
So WP implies F(w, 4,R) = 0. Next, let B = {y, z,w}. Then it can be verified that |Gy (R;:|B)|
=1Vie N and L(z,B,R)= N - §. So, using regularity and Corollary 2, we get F(z,A,I-I)

- < F(2,B,R) = ap(N — S). Therefore, as we already know that F(w,A,R) = 0, Corollary
1 implies that F(z, A,R) + F(y. A,R) = 1 - F(z,A.R) > 1 —ap(N - §) = ap(S). Then,

15




because of regularity, we get F(z, B,R) + F(y, B,R) > ap(85). So, as R|H = R|B, lIA implies
Fz,B,R) + F(y, B,R) 2 ap(5). Hence, using Corollary 1 once more, we get F(z, B,R) <
1~ oap(S) =ap(N ~5).

This completes the proof of Proposition 4. || |

Given a SSCF F that satisfies IIA and any B € A, let Flg : Bx (28 — {8}) xRN |B — R, be
the restriction of F to nonempty subsets of B;ie. for any B € 2% — {§} and any R.|B € RV|B:

F|p(z,B,R|B) = F(z,B,R) V z € B and any R € R" such that R|B = R|B.

It can be easily checked that, if F satisfies regularity, WP and IIA, then Fip also satisfies
regularity, WP and I1A for any B € A. THis observation is important for the proof of our next
proposition.

The final result required for the proof of the main result is Proposition 5. The proof uses
a simple induction logic. Depending on whether the feasible set B has two or more fewer
alternatives, or exactly one fewer alternative than the universal set, the proof has two parts.
In the first case, we consider the restriction of the SSCF to a superset of B with exactly one
alternative less than in the universal set and exploit the observation made above about the
properties it inherits from the original SSCF. In the later case, as in the proof of Proposition
4, we rely on the amount of freedom available to choose a new preference profile with certain

desirable properties, and then appeal to I1A and regularity.

Proposition 5 : Suppose m > 4. Let F be a regular SSCF that satisfies WP and 1IA. If
" BeAbutB#A, and R € R™, then F(z,B,R) =0V z € B~ §(N,R|B).

Proof: Because of Proposition 4, the proposition is true for m = 4. Then, using an irduction
argument, the proof is complete if we show that the proposition holds for m = t + 1 whenever
it holds for m =t > 4 (t < 00). So let us suppose that the proposition holds for m = ¢ > 4
_ (t < 0). Consider 4 such that [A| = m =t + 1. Let B € Abut B # A, and R € RN. Then
there are two possibilities: (a) |B] <t - 1; and (b) |B| =1.

(a) |B| < t-A1: Clearly, there exists B° € A such that |B°| = t and B C B°. Then, as the
proposition is true for m = ¢, it must be the case that F|g-(a, B,R|B°) =0V a € B-§(N,R|B).
Hence, F(a,B,R) = 0V a € B — B(N,R|B). | '

(b) |[B| =t: Let z* € B— B(N,R|B). Also let {w} = A — B. Then we must show that’
F(z", B,R) = 0. H|G(R|B)] = 1V i€ N, then, because of Corollary 2, the proposition is
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true. So we suppose |G(R;|B)| > 2 for some j € N. Let £,§ € (71(R;|B) be distinct. Then
B—{%,,2°})#Qas|B]=t>4 Solet 2 ¢ B~{:’c‘,§,z:“}, and define B = (B -{z*,3})u{w} and
B=A- {#,7}. Now, consider R € R" such that R|B = R|B, Ga(RilA) = {w}ifie Nissuch
that {#,§}NC(R,|B) # 0, and aPwV a e Bifi€ N is such that {£,§} NGy(R;|B) = 0. Then
it is easily verified that |B| = |f§’l =t-1,we B-g(N,R|B)and z* € [zi——ﬁ(N,“R.II%!). So, using
the conclusion drawn in possibility (a) above, we get F(w, B, R) = 0and F(:c",l}, f\’,) =0. Then
regularity implies I'(w, 4, ﬁ) =0 and F(z*,A,R) = 0. Therefore, YacA—{z*w} I'(a,A,R) = 1.
But, clearly, A—{z*,w} = B-{z*} C B C A. So, using regularity, we get ", c5_(4} F(a,B,R)
= 1. Then R|B = R|B and IIA implies Tpep_ (;+) Fla, B.R) = 1. Hence, F(z*, B,R) = 0.

This completes the proof of Proposition 5. il

We are now ready to present our characterization of the structure of coalitional power when
the universal set has four or more alternatives. Tizis theorem states that the distribution of power
under a SSCF F, which satisfies regularity, WP and IIA, is éuéh that, given a feaéible proper
subset B of the universal set and a preference profile R, for each coalition § in thev partition
P(B,R), the social probability of choosing an alternative that is a best feasible alternative for

some member of S is equal to the weight of §.

' Theorem: Suppose m > 4. Let F be a regular SSCF that satisfies WP and IIA. If B € A but
B#A, and R ¢ RV, then Lrepsrip) Flz, B,R) = ap(5) V 5 € P(B,R).

Proof We havg already proved the theorem for m = 4 in Proposition 4. So, if we prove
the theorem for m = ¢ + 1 whenever it holds for m = ¢ > 4 (¢ < o0), an induction argument
completes the proof of the theorem for any finite m > 4.

Suppose the theorem halds for m = £ > 4 (£ < 00). Consider Afuch that A = m = 1 4 1.
Let B € Abut B # A, and R € RN. By Pmpositiot.t 5, Laeav,ri8) Fla, B,R) = 1 = ap(N).
- So we suppose P(B,R) # {N}. Let w € A — B. Now pick any S € P(B,R), and define B
= BuU{w}, B=B-p(5,R|B)and B = B~ B(N - S§,R|B). Consider R € RY such that
R|B = R|B, Gy(Ri|B) = {w}ifie N— 8, and ePwV a € B if i € §. Then it is obvious
that B # A and w € B — 8(¥,R|B). So Proposition 5 implies that F(w,f?,f{) = . Therefore,

using regularity, we get
(3) F(w,B,R) = 0.

It can also be verified that B # 4, L(w,f},f{) = N -3, and B(N - §,R|B) = {w}. Then
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Proposition 2 implies that F(w,l},f{,) z ap(N ~ 8§). So, because of Corollary 1 and Proposition
5 Taen(V.jB)-(w) F(@ By R) < ap(§) must hold. Then 5, cpinvityp)-uy F(0 B R) < ap(§)

follows from regularity, which together with (5) gives

6) Y F@BR) < ap(d)

a€A(N.R|B)
Then, as B ~ B(N,R|B) = B — 8($,R|B), (6), Corollary 1 and regularity imply that
(7) 3 F(a,B,R\Z 3 F(e,B,R) > ap(N - 5).
a€B~3(S,R|B) a€B~-p(5 R|B)

Using R|B = R|B and IIA in (7), we then get zaeB-ﬁ(S‘,RiB) F(a,B,R) > ap(N — §), which
in conjunction with Corollary 1 gives EaEﬁ(é'RiB) F(a,B,R) < ap(.é'). But § was arbitrarily
chosen from P(B,R). Therefore, we can conclude that

(8) Z F(a,B,R) < ap(S) VSe€PB,R)

s€6(S,R|B)
Then, as P(B,R) is a partition of N, it follows from (8) and Propositions 3 and 5 that

1 = > F@BR) = > > F(@BR) < Y ap(S) = 1
a€A(N,R|B) $eP(B,R)aeph(5,RIB) SeP(B,R)
Hence, (8) must hold as an equality for every § € P(B,R). This completes the proof of the

theorem. ||
Given any S € .N’, let
Fs = {F= Yrepsryp) F(z,B.R)=1 V(B,R)€ AxRN}.

* Fs can be interpreted as the class of all SSCFs that give oligarchic power to the coalition §
in the following sense — given any feasible set B and any preference profile R, an alternative
which is not best in B for anyone in the coalition § according to their preferences in R has zero
probability of being the socially chosen feasible alternative. Clearly, for each 1 € N, F{;) is the
appropriate stochastic counterpart to the class of deterministic social choice functions in which
individual i is a' weak dictator.” ‘

The next two straightforward corollaries of our main result essentially show that, under the
conditions of the Theorem, a SSCF can be interpreted as a weighted random oligarchy or as a
weighted random dictatorship. The weighted random dictatorship result of PP (Theorem 4.11)

can also be viewed as a special case of Corollary 4 given below.

TWhen we restrict individual preference relations to the set of all linear orderings on A, Fi) is equivalent to
the class of decision schemes in which individual 1 is a dictator as defined in PP,
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Corollary 3 : Suppose m 2 4, and F is a regular SSCF that satisfics WP and 11A. Let B € A
but B # A, and R € RN, If {dT}'l‘e?(B,I{) is a set of SSCFs such that dr € Fr for cach
T e P(B,R), then ’
Y, F=BR) = Y S ap(T)dr(z,B,R) VS5€P(B,R).
z€/(SR|B) z€0(S,R|B) TeP(B.R)
Proof. Suppose B € A but B # A, and R € RV, Let {dr}rcp(s.R) be such that dr € Fr for.
each T € P(B,R). Also, let § € P(B,R). Then we have
9) 2 Z ap(T)dr(z,B,R) = Z ap(T) Z dr(z, B,R)| .
z€A(S,R|B) TeP(B.R) TeP(H,R) z€4(S,R|B)
By definition, 5(S,R|B)NB(S,R|B) = D and ¥, 55 rymy 45(2, By R) = 1V S € P(B,R)-{S}.
So ¥cen(sripy ds(z, B,R) = 0V § € P(B,R) - {S}. Hence, (9) can be rewritten as
() 3 " ap(T)dr(z,B,R) = ap(S) Y. ds(z,B,R) = er(S).
z€B(S.RIB) Ter(B,R) z€B(SR|B) ‘

However, because of the Theorem, (10) is all that we need to show. ||

Corollary 4 : Suppose m > 4, and F is a regular SSCF that satisfies WP and TIA. Let B € A
but B# A, and R € RN . If {d;}icn is a set of SSCF's such that d;’€ f{i}‘ Jor each i € N, then
>, F@,BR) = Y Y or({i})di(z,B,R) V §€P(BR)
#€A(5,R|B) z€0(S,R|B) ieN ‘

Proof: The proof is omitted as it is similar to that of Corollary 3. ||

Suppose one of the following two conditions are satisfied in addition to those specified in our
h Theorem: (i) the preference profile R. is such that there are at least two alternatives that are
not best in the universal set for anyone according to their preferences in R; or (i) the number
of alternatives in the universal set exceeds the number of individuals in the society by at least
two, and the preference profile R. is such that there is at least one alternative which is not best
in the universal set for anyone according to their breferences in R. Then a simple consequence
of regularity is that the conclusion of Proposition 5 remains valid even when the universal set is
the feasible set. Therefore, Lemma 1 allows us to consider the universal set as the feasible set

in our Theorem. This extended result is fprmally stated as our last proposition.

Proposition 6 : Suppose m > 4. Let F be a regular SSCF that satisfies WP and IIA, and
let R € RN, If (i) |A — B(N,R|A)| 2 2, or (i) m > n + 2 and |A — B(N,R|A)| > 1, then
YeepsRin) F(z, A.R) = ap(S)V § € P(4,R).
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Proof: Suppose m, n and R € RV are such that: (i) |A m'ﬂ(N,RIA)]z 2 or (i) m>n42
and | A~ (N, R|A)| 2 1. We first show that in both cases F(z, A,R) =0V z € A~ (N, R]|A).

(i) |A~B(N,R|A)| 2 2: Let z€ A-P(N,R|A) and B = B(N,R|A)U{z}. Clearly, B # A
and {z} = B 3(N,R|B). By Proposition 5, we then have F(z, B,R) = 0. Therefore, regularity
implies F'(z,A,R) = 0.

(iiy m 2 n+ 2and |4~ P(N,R|A)] 2 1:  As |A - B(N,R|A)| > 2 has already been
considered, we only look at |4 — B(N,R|A)| = 1. Suppose, for each = € S(N,R|A), there exists
i € N such that Gy(R|A) = {z}. Then n > |3(N,R|A)|, which impliesm > n+ 2 > n+1
> |B(N,R|A)| +1 = m, an impossibility. Hence, there is an alternative in S(N,R|A), say w,
such that {w} # G1(R;|A) for every i € N. Let A — §(N,R|A) = {y} and B = A— {w}. Then
y € B ~ B(N,R|B). So F(y,B,R) = 0 follows from Proposition 5. Therefore, by regularity,
F(y,A,R) = 0.

Thus, POS(F,A,R) C B(N,R|A) C A holds in any case. Then, because of Lemma 1, we

have
(11) F(z,B(N,RIALR) = F(z,AR) V3 €A(N,RI4).

Obviously, P(A(N,R|4),R) = P(A,R) and B(S,R|A(N,R|A)) = B(S,R|A) V § € P(A,R).
Hence, (11) in conjunction with the Theorem imply -
Y. F@AR)= > F(z,8(N,R|A),R)=ar(5) V5 € P(A,R). |
z€B(S,R|A) z€B(S,R|B(N.R|4))
In Proposition 6 the two additional conditions are independent of each other. However, when

preferences are restricted to be strict, as m > n + 2 implies |4 — B(N,R|A)| 2 2, the second
condition is stronger than the first. Thus, although PP’s additional condition for their extended
result (Theorefn 4.14) is m > n + 2, our Proposition 6 shows that their result is actually a
consequence of a weaker condition on the preference pfoﬁ}e, namely, {4 - B(N,R]A)| > 2.
Needless to say, using Proposition 6, it is easy to show that Corollaries 3 and 4 also hold when
we consider the universal set as the feasible’set provided at least one of the pair of additional

conditions specified in Proposition 6 is satisfied.

5 Conclusion

We provided a natural extension of the results in PP to the case in which individuals might

have indifference between alternatives. When there are at least four elements in the universal
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set of alternatives and the stochastic social choice function is regular, weakly Parctian ex-post
and satisfies independence of irrelovant alternatives, as in PP, there is a unique nonnegative
weight associated with each coalition of individuals in the saciety. For each social preference
profile, when the above mentioned conditions hold and the feasible set is a proper subset of the
universal set of social :;\lternatives, we showed that the society can be partitioned into coalitions
of individuals in such a way that the sum of the social probabilities of all the alternatives in the
union of the best sets of the members of each coalition is equal to the weight of the coalition.
When the universal set of social alternatives itself is the feasible set, we showed that our result
still holds provided the social preference profile is such that there are at least two alternatives
that are not best in the universal set for anyone, or the number of alternatives in the universal
set exceeds the number of individuals in the society by at least two and the preference profile is
such that there js at least one alternative which is not best in the universal set for anyone.
Although this paper derived restrictions on the distribution of coalitional power for SSCF,
it is easy to construct examples to show that the results presented here do not fully characterize
the structure of coalitional power under SSCFs. So how close to a complete characterization
are our results? We offer the following simple answer to this question. The examples in PP
can be extended consistently to our expandeﬂ preference domain in a straightforward manner
to show that our Theorem may no longer hold when any onre of its conditions is violated, and
also, Proposition 6 may not be true when both additional conditions specified in it are dropped.®
Thus, in a way, the resnlts of the paper can be conceived as representing an almost complete

characterization of the structure of SSCFs in our framework.

8These extended examples can be provided to the interested reader on request.
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