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Abstract

We provide a characterization of the obligation rules in the context of
minimum cost spanning tree games. We also explore the relation between
obligation rules and random order values of the irreducible cost game -
it is shown that the later is a subset of the obligation rules. Moreover
we provide a necessary and sufficient condition on obligation function
such that the corresponding obligation rule coincides with a random order
value.

1 Introduction

There is a wide range of economic contexts in which aggregate costs have to be
allocated amongst individual agents or components who derive the benefits from
a common project. A firm has to allocate overhead costs amongst its different
divisions. Regulatory authorities have to set taxes or fees on individual users
for a variety of services. If several municipalities use a common water supply
system, they must reach an agreement on how to share the costs of operating it.
In most of these examples, there is no external force such as the market, which
determines the allocation of costs. Thus, the final allocation of costs is decided
either by mutual agreement or by an arbitrator on the basis of some notion of
distributive justice. The main thrust of this area of research is the axiomatic
analysis of allocation rules. Such an axiomatic analysis is supposed to enlighten
an arbitrator on the possible interpretations of fairness while dividing the cost
among the participants.

In this paper, we pursue this axiomatic analysis of cost allocation rules for
a specific class of cost allocation problems known as Minimum Cost Spanning
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Tree Problems or in short mcstp. The common feature of these problems is
that a group of users has to be connected to a single supplier of some service.
For instance, several towns may draw power from a common power plant, and
hence have to share the cost of the distribution network. There is a positive
cost of connecting each pair of users (towns) as well as a cost of connecting each
user (town) to the common supplier (power plant). A cost game arises because
cooperation reduces aggregate costs - it may be cheaper for town A to construct
a link to town B which is nearer to the power plant, rather than build a separate
link to the plant. An efficient network must be a tree which connects all users
to the common supplier. From economic perspective, the main objective here,
is to divide the cost of efficient network among its beneficiaries. Following is an
example of mestp.

Example 1.1 See Figure 1, which depicts a minimum cost spanning tree prob-
lem. There are three agents 1, 2 and 3. The source is denoted by 0. These nodes
are represented by circles, where the connection between them are represented by
straight lines. The numbers represent the cost of each connection. For instance
the cost of connection between agent 1 and agent 3 is 2.

The early literature on minimum cost spanning tree problems mainly fo-
cussed on the algorithmic issues of finding an efficient network. Kruskal [1956],
Prim [1957] introduced two different versions of the greedy algorithm for this
purpose. The first game theoretic approach to minimum cost spanning tree
problem is due to Bird (1976). Bird, by constructing an allocation rule, proved
that core of a minimum cost spanning tree problem is always non-empty. In
recent years a number of papers have analyzed this problem from economic
perspective and the literature has grown into two different direction. In one
hand Granot and Huberman (1984), Kar (2002), Bergantinos and Vidal-Puga
(2006a) and Bergantifios and Vidal-Puga (2006b) have discussed various trans-
ferable utility games and used them to construct allocation rules, on the other,
Norde, Moretti and Tijs (2004), Tijs, Branzei, Moretti and Norde (2006) and
Lorenzo-Freire and Lorenzo (2006) have developed a class of allocation methods,
known as the obligation rules.

Granot and Huberman (1984) introduced a TU game associated with the
minimum cost spanning tree problem and analyzed the structure of it’s core and
nucleolus. Kar (2002) characterized the Shapley value (Shapley (1953)) of this
game. Bergantinos and Vidal-Puga (2006a) introduced the irreducible form of
a minimum cost spanning tree problem and looked at an alternative TU game
based on the irreducible form. They also characterized the Shapley value of
this new games in terms of monotonicity type axiom. Parallel to this literature,
Tijs, Branzei, Moretti and Norde (2006) introduced a class of allocation rules
for minimum cost spanning tree problems, known as the obligation rules. A
common feature of the Obligation rules is the fact that players have the possi-
bility to control the cost allocation problem during the construction procedure,
i.e. edge by edge following the Kruskal algorithm, of the minimum cost span-
ning network. Via such a step-by-step cost allocation procedure, players specify



how to share the cost of each edge according to a predetermined cost allocation
protocol, namely the obligation functions. Lorenzo-Freire and Lorenzo (2006)
characterized the obligation rules in terms of a restricted additivity property.

In this paper we seek to bridge the gap between these two stream of litera-
ture. We show that the obligation rules are actually a generalized version of the
Shapley value. To be precise, we prove that the random order values (which is
itself a generalization of the Shapley value) is a subset of the obligation rules.
We also provide a necessary and sufficient condition to distinguish random or-
der values from the obligation rules. and finally characterize the obligation
rules with two basic monotonicity properties, namely population monotonicity
and strong cost monotonicity. By focussing on the obligation rules, we try to
argue that if one is looking for allocation rules that share the nice properties
of the Shapley value but not anonymous, then obligation rules are the natural
candidates.

In Section 2, we introduce the minimum cost spanning tree problem. In
Section 3 and 4, we discuss the random order values and the obligation rules
respectively. Section 5 explores the relation between random order values and
the obligation rules. Characterization of the obligation rules are provided in
Section 6. Section 7 concludes this paper by looking at the probabilistic values
for general TU games and their relation with the obligation rules.

2 Minimum cost spanning tree problems

Let N C N = {1,2,...} be the set of all possible agents. We are interested in
networks whose nodes are elements of a set Ng = N U {0}, where N C N is
finite and 0 is a special node called the source. Usually we take N = {1,...,|N|}
where |N| denotes the cardinal of the set N. Let I denote the set of all orders
in N. Given 7 € Iy, let Pre (i, ) denote the set of elements of N which come
before 7 in the order given by 7, i. e. Pre(i,m) ={j € N |nw(j) <w(i)}.As
usual, R4 denotes the set of non-negative real numbers. Given a set A, let

A(A) = {(xi)iEA ERﬁ:inl}

i€A

be the simplex in R4.

A cost matriz C = (cij)z',j en, On IV represents the cost of direct link between
any pair of nodes. We assume that ¢;; = ¢;; > 0 for each 4, j € Ny and ¢;; = 0 for
each i € Ny. Since ¢;; = ¢;j; we will work with undirected arcs, i.e (4,5) = (j, 7).
We denote the set of all cost matrices over N as C¥. Given C, C’ € CV we
say C < C"if ¢;; < c;j for all i,7 € Ny. Analogously, given z, y € RY, we say
x <yif z; <y; for all i € N. A minimum cost spanning tree problem, briefly
an mecstp, is a pair (Ng,C) where N C N is the set of agents, 0 is the source,
and C € CV is the cost matrix. Given an mestp (Ny,C), we define the mestp
induced by C'in S C N as (5, C).



A network g over Ny is a subset of {(, j) such that ¢,j € Ny} . The elements
of g are called arcs. Given a network g and i,j € Ny, we say that 7,5 € Ny
are connected in g if there exists a sequence of arcs {(in—1, ih)}izzl satisfying
(ih—1,%n) € g for all h € {1,2,...,1}, i = ip and j = 4;. A tree is a network
satisfying that for all ¢ € N, there is a unique sequence of arcs {(ip— 1,zh)}h 1
connectlng 7 and the source. If ¢ is a tree we usually write t = {(io D) fien
where i¥ represents the first agent in the unique path in ¢ from i to 0. Given an
mestp (No,C) and g € GV, we define the cost associated with g as

N07C g Z Cij

(i,)€g

When there are no ambiguities, we write ¢ (g) or ¢ (C, g) instead of ¢ (Ny, C, g).
A minimum cost spanning tree for (No,C), briefly an mt, is a tree ¢t such
that ¢(t) = min {c () : t' is a tree}. It is well-known in the literature of mestp
that an mt exists, even though it does not necessarily have to be unique. Given
an mestp (No,C) we denote the cost associated with any mt ¢ in (Ng,C) as

m (No, C) .
Given an mestp (Ny, C) and an mt ¢, Bird (1976) defines the minimal net-
work (No, C*) associated with ¢ as follows: ¢f; = max {cy}, where £;; denotes

(k1) €Ly,

the unique path in ¢ from 7 to j. Even though this definition is dependent on
the choice of mt t, it is independent of the chosen ¢. Proof of this can be found,
for instance, in Aarts and Driessen (1993). The irreducible form of an mecstp
(No, C) is defined as the minimal network (No, C*). If (Ny, C*) is an irreducible
problem, then we say that C* is an irreducible matriz. Bergantinos and Vidal-
Puga (2006a) proves that (Ny, C) is irreducible if and only if there exists an mt
t in (Np, C) satistying the two following conditions:

(A1) t* = {(ip_l,ip)}zzl where ig = 0.

(A2) Given iy,i4 € No, p < g, then ¢; ;, = max {c“ W}.

p<r<q

Example 2.1 Let (Ny,C) be a mestp as in Example 1.1. The irreducible ma-
triz associated with (Ng, C) is depicted in Figure 2.

One of the most important issues addressed in the literature about mecstp

is how to divide the cost of connecting agents to the source among them. A

(cost allocation) rule is a function f such that f (N, C) € RY for each mcstp

(No,C) and > f; (No,C) = m (Ny,C). As usually, f; (No,C) represents the
iEN

cost allocated to agent i. In this paper we focus on the Obligation rules and
random order values. We discuss each of these in detail in Section 4 and 3
respectively. In Section 6, we characterize the obligation rules. Following are
the axioms, we will be using in this paper.

Strong cost monotonicity (SCM). For all mestp (Ny, C) and (Ny, C’) such
that C < C’, f(No,C) < f(No,C")



SCM says that if a number of connection costs increase and the rest of
connection costs (if any) remain the same, no agent can be better off.

SCM is called cost monotonicity in Tijs et al (2006) and solidarity in
Bergantinos and Vidal-Puga (2006a).

Population monotonicity (PM) . For all mestp (No,C), S C T C N, and
1 € S, we have

fi (T, C) < fi (S0,C) .
PM says that if new agents join a ”society” no agent from the ”initial
society” can be worse off.
The following property is a weak form of anonymity. It says that if two
agents are identical in terms of their connection costs then their cost shares
must be equal.

Equal Treatment of Equals (ETE). Let (Ng,C) be a mcstp such that for
some ¢, j € N, cp; = cx; for all k € No \ {4,j}. ETE says that f; (Ny,C) =
fi (No, C).

Next property was introduced in Branzei et al (2004).

Cone-wise positive linearity (CPL) . Let (Ng, C) and (N, C’) be two mcestp
satisfying that there exists an order o : {(i’j)}i,jGNg,i<j — {1,27 ceens W}
such that for all 4, j, k,l € Ny satisfying that o (4,5) < o (k,l), then ¢;; < ¢
and ¢;; < ¢,. Thus, for each z,2" € Ry

f (Nog,2C + 2'C") = xf (No,C) + 2’ f (No, C").

This property is an additivity property restricted to some subclass of prob-
lems.

It makes no sense to claim additivity in all mestp because m (Ny, C + C”)
could be different from m (Ny, C)+m (Ny, C") . See Bergantifios and Vidal-Puga
(2006b) for a detailed discussion on this issue.

Constant share of extra cost (CSEC) .
Let (No,C), (No,C"), (No,C*) and (Ng,C'*) be a set of mestp satisfying
the following conditions:

e Forall i € N, co; = o, ¢(; = ¢, €§; = co + x, and i = ¢ + = where
r € R4
e Foralli,j € N, ¢;j = cf; < co and ¢j; = ¢ < ¢
Thus,
fi (No, C%) = fi (No, C) = fi (No, C'*) — fi (N, C").

This property is interpreted as follows. A group of agents N faces two
problems (Np,C) and (No,C’). In both problems all agents have the same
connection cost to the source (co; = ¢o and c¢f; = ¢j). Moreover, this cost is



greater than the connection costs between agents (c;; < co and cj; < ¢). Under
these circumstances, an mt¢ implies that any one agent connects directly to the
source, and that the rest connect to the source through this agent. Agents
agree that the correct solution is f. Assume that an error was made and that
the connection cost to the source is  units larger. C'SEC states that agents
should share this extra cost x in the same way in both problems.

This property is a generalization of the property of Equal Share of Extra
Costs (ESEC) defined in Bergantifios and Vidal-Puga (2006a). ESEC says
that  must be divided equally among agents.

A game with transferable utility, briefly a TU game, is a pair (N, v) where
v : 2NV — R satisfies that v () = 0. Based on a mcstp, we can define a TU game
as follows. Given (Ny, C), for each coalition S C N, consider the aggregate cost
of a minimum cost spanning tree. That is vo(S) = m(Sy, C) for all S C N. Kar
(2002) axiomatized the Shapley value of vo. On the other hand Bergantinos
and Vidal-Puga (2006a) characterized the Shapley value of a game associated
with the irreducible form. This game is defined as, ve=(S) = m(Sp, C*) for all
S C N. In this paper we will concentrate on the later and explore its relation
with the obligation rules.

3 The random order values of the irreducible
game

Weber (1988) defines the random order values of a TU game (N, v). The idea
is the following. Agents arrive sequentially. FEach agent receives his marginal
contribution to his predecessors. To each probability distribution over the set
of possible orders, we can define the random order value giving to each agent
his expected marginal contribution.

Let A (TIy) be the simplex in R~ . For each w = (wz), e, € A(Ilx) we
define the random order value ROV™ associated with w as follows. Given the
TU game (N,v) and i € N,

ROV¥(N,v) = Z wy (v (Pre(i,m)U{i}) — v (Pre(i,m)))
welln

This definition can be easily rewritten as

ROV“(N,v) = Y welv(Pre(i,m) U{i}) — v (Pre(i,m))]

welln

Y wk(SU{h) - u(s)

SCN\{i} {w|Pre(i,m)=S}

> Y we | [(SU{i}) —v(S))

SCN\{:i} \{~x|Pre(i,m)=S}



We define the family of rules W in mcstp as the random order values of the
game ve«. That is, given w € A (Ily), we define f* (Np,C) = ROV (N, vex)
for all mestp (N, C). Formally,

f(No,C) = Y Yoo wr | fees (SU{i}) —ve- (S)] (1)

SCN\{i} \{r|Pre(i,m)=S}

and
W={f":weA(lly)}.

A well known member of W is the Shapley value. Let us denote this rule
by ®. & = f*, where w is such that all the orders have equal weight. That
is w(m) = m for all # € A (IIy). Bergantifios and Vidal-Puga (2006a)
provides a characterization of @, in terms of SCM, PM, and ESEC. Following
is an example of random order values.

Example 3.1 Let (Ny,C) be a mestp as in Ezample 1.1. The TU game asso-
ciated with C* is as follows,

ve-({1}) = ve-({2}) = 4, ve-({3}) = 6, ve-({1,2}) = 6, ve-({1,3}) =
ve-({2,3)) = 10, ve- ({1,2,3}) = 12.

Let w(m) = Tﬁw)l for allme A(Ily). Then, fi*(No,C) = f&(No,C) =3
and f3’(No,C) = 6.

4 Obligation rules

Tijs et al (2006) introduce the family of obligation rules in mecstp. They prove
that each obligation rule satisfy SC'M and PM. In this section we present two
axiomatic characterizations of obligation rules. In the first one we characterize
obligation rules as the only rules satisfying SCM, PM, and CPL. In the second
one we characterize obligation rules as the only rules satisfying SCM, PM, and

CSEC.

We first introduce obligation rules formally. We present this definition in
a way a little bit different from Tijs et al (2006) in order to adapt it to the
objectives of our paper.

Given a network g we define P (g) = {1k (g9) Z(=gl) as the partition of Ny
in connected components induced by g. Namely, P (g) is the only partition of
Ny satistying the following two properties: Firstly, if 4,5 € Tk (¢), ¢ and j are
connected in g Secondly, if i € Ty, j € T; and k # [, i and j are not connected
in g.

Given a network g, let S (P (g),4) denote the element of P (g) to which ¢
belongs to.

Kruskal (1956) defines an algorithm for computing an m¢. The idea of the
algorithm is to construct a tree by sequentially adding arcs with the lowest



cost and without introducing cycles. Formally, Kruskal’s algorithm is defined
as follows. We start with A (C) = {i,j € No | i # j} and ¢° (C) = 0.

Stage 1: Take an arc (4,j) € A(C) such that ¢;; = (k,zl)réifxl(m {cki} . If there

are several arcs satisfying this condition, select just one. Now (i! (C),j* (C)) =
(i,5), A(C) = A(C)\{(5,5)} and ¢" (C) = {(i* (C) ' (O)) } -
Stage p + 1. We have defined the sets A (C) and g (C). Take an arc (4, ) €

A((C h that ¢;; = i . If th 1 tisfying thi
(C) such that c;; (k,lg%lf\l(c) {cri} ere are several arcs satisfying this

condition, select just one. Two cases are possible:

1. ¢g? (C)U {(i,7)} has a cycle. Go to the beginning of Stage p + 1 with
A(C)=A(C)\{(i,7)} and g? (C) the same.

2. g7 (C)U{(i,4)} has no cycles. Take (™! (C), 7T (C)) = (i,5), A(C) =
A(C)\ {(i,5)} and g"*1 (C) = g7 (C) U { ("1 (C),j7*1(C))}. Go to
Stage p + 2.

This process is completed in |[N| stages. We say that g™l (C) is a tree
obtained following Kruskal’s algorithm. Notice that this algorithm leads to a
tree, but that this is not always unique.

When there is not ambiguity we write A, ¢gP, and (i, j?) instead of A (C),
gP (C), and (% (C), j* (C)) respectively.

Given N C N, an obligation function for N is a map o assigning to each
S € 2N\ {0} a vector o (S) which satisfies the following properties.

o-i) o(S) € A(S).
o-ii) For each S, T € 2N\ {0}, SCT andi€ S, 0; (S) > 0; (T).

To each obligation function o we can associate an obligation rule f°. The
idea is as follows. At each stage of Kruskal’s algorithm an arc is added to the
network. The cost of this arc will be paid by the agents who benefit from adding
this arc. Each of these agents pays the difference between his obligation before

the arc is added to the network and after it is added. See Tijs et al (2006) for
a more detailed discussion.

We now define f° formally. Given an mestp (Np,C), let gVl be a tree
obtained applying Kruskal’s algorithm to (Ny, C). For each i € N,

[N
2 (No,C) = cingo (05 (S (P (9771 17)) —0i (S (P (g7) 7))
p=1
where, by convention, o; (T') = 0 if the source is in 7.
We define the family of obligation rules as
O = {f°: 0 is an obligation function}

Let us clarify the idea of obligation rules with an example.



Example 4.1 Let (Ny,C) be a mestp as in Example 1.1. An obligation func-
tion o is as follows, 0;(S) = ﬁ for alli € S and for all S C N. Let us follow
Kruskal’s algorithm and compute the cost allocation for C’
Step 1: The arc (1,2) is the cheapest. Thus {(i* ( 0)} =
Step 2: The arc (1,0) is the cheapest among the rest Thus {(22 )} =
[(1,0)}.
Step 3: The arc (0,2) is the cheapest among the rest, but this will form a cycle.
Hence we pick the next cheapest arc, which is either (1,3) or (2,3). There is a
tie, so let us select (1,3). Thus {(i* (C),5*(C))} = {(1,3)}.

Now, we can compute the allocation,
Jt (No, €) = iz for ({1}) — 01({1,2})] + c10 [01 ({1,2}) = 0] + c10 [0 = 0] = 3
Similarly f§ (No,C) = 3. Finally,
f3 (No, €) = c12 [03({3}) — 03({3})]+c10 [03({3}) — 03({3})]+c10[03({3}) — 0] =
6

Next, we provide an alternative representation of obligation functions. This
representation will be used later to establish the relationship between W and

0.

4.1 Alternative representation of obligation functions

Given N C N, an obligation function for N is a map d assigning to each
S € 2N\ {0} a vector d (S) which satisfies the following properties,

d-i) Y d;(N)=1.Forall SC N, Y d;(S) =3 d;(SUj).
iEN €S Jj¢s

d-ii) For all i € N, d;(N) > 0.
tels, > di(T)>0.
SCTCN\k

For all S C N, for all k € N\ S and for all

In Theorem 4.1 we will show that above two definitions of an obligation
function are equivalent. That is, given an o, one can identify a d and vice versa.
We will denote these mappings by d*(o) and o*(d) respectively. Let us first
describe d*(0) and 0*(d). We start with some new notations. Suppose o is an
obligation function for N. Let d(0) (or d(d)) denotes the set over which o (or
d) is an obligation function. That is d(0) = N. For the rest of this paper, we
will use 9(0) and N interchangeably as per convenience. Let us also define a
new mapping o~* from the set [2V\{¥}\ {(}] as follows. o~ *(T) = o(T) for all
T C N\ {k}. Tt is immediate that o=* is an obligation function for N \ {k}.
Thus d(0~F) = N\ {k}.

Description of d*(o):
For alli € S, d?(S,0) = 0;(S) when |0(0)\ S| = 0. Suppose we have already
defined d}(S,0), i € S, for all obligation functions o and coalitions S such that

"Which simply means, for all i € N, d}(N,0) = 0;(N)



|0(0) \ S| < m. Now we define d}(S,0), i € S, for all coalitions S C 9(0) such
that |d(0) \ S| = m. Choose any k € 9(0) \ S,
)

d; (8,0) = d;(S,07") — di (S U {k},0) (2)

Note that, |9(0) \ S| = m implies |3(0~*)\ S| < m and |[0(0) — (SU{k})| < m
and hence d}(S,07%) and d} (S U {k},0) are well defined.

To complete the description, let us illustrate that d does not depend on
the choice of k € 9(0) \ S either. For |0(o) \ S| < 2, this is vacuously true.
We can use induction to prove it in general. Assume that our assertion is
correct for all o, S C 9(0) such that |9(0) \ S| < m. Let us prove that the
same is true for S, such that |0(o) \ S| = m. Since m > 2, there are at
least two agents in 9(0) \ S. Suppose k,l € 9(o) \ S. Now, we will show that
for all i € S, d(S,0™%) — d=(S U {k},0) = di(S,0™") — di(S U {I},0). Since
|0(0=%)\ S| = m — 1 and |9(0) \ (S U {k})| = m — 1, by induction hypothesis
d:(S,07%) and d} (S U {k},0) do not depend upon the choice of agent, so let us
choose [.

d;k(S o~k) —dx (S {k},0)

= [d}(S, (o~ k) D —d:(SUl,o )] — [dr(SUk,07!) —df(SU{k,l},0)] [by Equation 2]

= [d:(S, (o™ ’f) D —di(SUk, 07| = [di(SUl,0™%) —d: (S U{k,1},0)

=[5 (S, (07)™F) —d:(SUk, 07| = [d:(SUL,07F) —d (SU{k,1},0)] [(07)F = (o7F)7"]
[by

= di(S.07) ~ d(S U {1}, 0)

Equation 2 and mductlon step]

Description of o*(d):
For all S C 9(d), for all i € S,

oj(S,d)= > di(T) (3)
SCTCa(d)
Theorem 4.1 : o and d are equivalent. That is,
1. 0*(d*(0)) =
2. d*(0"(d)) =
3. d*(o) satisfies d-i and d-is.
4. o*(

0*(d) satisfies o-i and o-ii.

Proof. See Appendix 8.1.

Let us now provide an example to illustrate this equivalence.

Example 4.2 : N = {1,2,3,4}. An obligation function o is described as fol-
lows, 0;(S) = |f19| foralli € S for all S C N. Alternative representation of this
obligation function is as follows. For all i € S,

_[ i iIs|=14
di(s)_{% if S| = 2,3

12

10



One can verify that d*(0o) = d and o*(d) = o. We illustrate these for a couple
of subcoalitions, the rest is left to the readers.
di(12,0)

= dT({152}5074) 7d41<({17274}70)

[01({1’2}) - 01({1’273})] - [01({172’4}) - 01({1725374})]
_ 11 1 1y 1
- (2‘3‘3+4> T 12

On the other hand,

[43({1,2}, (07)7%) = di({1,2,3},07%)] = [d1({1,2,4},07") — d;({1,2,3,4},0)]

oi({1,2},d) = o7({1,2},d) +07({1,2,3},d) + 07 ({1,2,4},d) + 01 ({1, 2, 3,4}, d)

- 1+1+1+1 1
o 12 12 12 4) 2

The next example illustrates that it is not necessary to have d;(S) > 0 for
all ¢ € S and for all S C N. This observation will play a crucial role while
exploring the relationship between W and O.

Example 4.3 : N = {1,2,3,4}. Consider an obligation function 6, as in
Ezample 4.2 except for the set {1,2,3}.

ifi=1
Otherwise

ou((1,2:3)) = {

[0 =

It is straightforward to check that o satisfies o-i and o-ii. Note that

dT(IQaé) = [61({152}) - 61({17273})] - [61({1’254}) - 61({1727374})}

Since o and d are equivalent, for the rest of this paper, instead of d*(0) and
0*(d), we will simply write d(o) and o(d) respectively.

4.2 Alternative representation of obligation rules

The alternative representation of obligation functions, that is d, gives rise to
a new definition of the obligation rules. This representation will reveal the
essential similarity between the obligation rules and the random order values.
In the process, a natural interpretation of d also emerges. The main result of
this section is the following theorem, which rewrites the obligation rules in terms
of d.

11



Theorem 4.2 : If f° € O, then for alli € N, for all mestp (Ng, C)

ff(No,©) = ) di(N\S,0) [ (S U{i}) = ve- (5)] (4)

SCN\{i}

Proof. See Appendix 8.2.

A quick look at Equation 1 and Equation 4 confirms that they are closely
related. Before proceeding to the next section, where this relation will be in-
vestigated thoroughly, let us end the current discussion with an interpretation
of d. To this end, the following result will be extremely helpful.

Proposition 4.3 Let o be an obligation function. Then

> di(N\S0) =1

SCN\{i}

Proof. The proof is straightforward.

Z d; (N\Sv O) = Z d; (Ta 0) = Z d; (Tﬂ 0) = 0; ({Z} ) d)

SCN\{i} ieT {i}CTCN

The last equality follows from Equation 3. By Theorem 4.1, o(d (0)) = o.
Thus,

Z d; (N\S,0) = o0; ({i},d) = 0; ({i}) = 1.
SCN\{1}

Proposition 4.3 tells us that {d;(N \ S,0) | S € N\ {i}} acts as an weight
system for f? (Np, C) in Equation 4. In the same spirit, Weber (1988) introduced
a class of ‘marginalist values’ for transferrable utility games. In Section 7 we
will formally introduce marginalist values and farther discuss their relation with
obligation rules.

5 Relation between W and O

In the next theorem we study the relationship between W and O. The first part
shows that obligation rules are nothing but generalized random order values.
Next, we identify a necessary and sufficient condition to distinguish between
obligation rules and random order values. In part (i7) we propose an obligation
rule and show that it does not belong to the set of random order values when
population size is strictly greater than 3. If population is less than or equal to
3, then random order values and obligation rules coincide. This is illustrated in
corollary 5.1 as an immediate consequence of part (ii).

Theorem 5.1 : W and O are related as follows,

12



i) W CO.
ii) Let o be an obligation function. f° € W < d;(S,0) >0 for alli € S and
for all S C N.
iii) If IN| > 3, then W C O.

Proof. See Appendix 8.3.

Corollary 5.1 If |[N| <3, then W = O.

Proof: Suppose N = {1,2,3} and o is an obligation function on N. By
d-ii d;(N,0) > 0 for all i« € N. Now suppose S = {1,2}. Let us show that
d1({1,2},0) > 0. The proof is exactly the same for all S with |S| = 2 and all
i€ 8.

dl({172}70) = [dl({1’2}’073) _dl({lvzag}’o)] = [01({172}) _01({172’3})] >0

The last inequality follows from o-ii. Next we show that d;({1},0) > 0.
Again the proof is exactly the same for all S with |S| = 1.

di({1},0) = [d ({1},077) - d1<{1 2},0)]
= [di ({1}, (072) ") — di({1,3},07%)] — i ({1,2},0)
o1({1}) — o1 ({1, 3})] [o1({1,2}) — 01({1,2,3})]
1—o1({1,3})] = [1 —02({1,2})] + [1 — 02({1,2,3}) — 03({1,2,3})]
03({1,3}) + 02({1,2})] — [02({1,2,3}) + 05({1,2,3})]
02({1,2}) — 02({1,2,3})] + [03({1,3}) — 03({1,2,3})] = 0
Thus when |N| = 3, for all S C N, and for all i € S, d;(S,0) > 0. By part

(#i7) of Theorem 5.1, f° € W implying O C W. Hence by part (i) of Theorem
5.1, W = O. When |N| < 2 the proof is similar and thus omitted.

[
[
[
[
[
[

We say that o is a simple obligation function if for each S C N and i € 5,
0; (9) is either 1 or 0. Let SO denote the family of all simple obligation functions.

Consider the family of obligation rules induced by obligation functions which
are a convex combination of simple obligation functions. Next corollary says
that this family is just W.

Corollary 5.2 f € W if and only if f = f°° where for each S C N and i € S,
of (S) = > wo0; (S) and (wo),c50 € A(SO).
550

Proof: See Appendix 8.4

The idea of the proof is quite simple. Given a simple obligation function we
can associate an order m € Iy and vice versa. Now it is easy to prove that W
is the subfamily of O generated by convex hull of simple obligation functions.

13



6 Axiomatization of O
In the next theorem we give two axiomatic characterizations of obligation rules.

Theorem 6.1 Let f be a rule in mcstp.
(a) f satisfies SCM, PM, and CPL if and only if f € O.
(b) f satisfies SCM, PM, and CSEC if and only if f € O.

Proof. See Appendix 8.5.

Remark 6.1 The properties used in Theorem 6.1 are independent. See Ap-
pendiz 8.6 for a proof.

Bergantinos and Vidal-Puga (2006b) introduce the property of Restricted
Additivity (RA). They prove that RA is stronger than CPL, i.e. if a rule f sat-
isfies RA, f also satisfies C PL. Lorenzo-Freire and Lorenzo (2006) characterize
obligation rules as the only rules satisfying RA and SCM. However, RA and
CPL behaves in a different way. SCM is a consequence of RA and PM , whereas
SCM is independent of CPL and PM. Moreover, the proof of the uniqueness
part in both results is completely different. Based on our axiomatization of
obligation rules, we present an alternative characterization of ®.

Corollary 6.1 Let f be a rule in mestp. f satisfies SCM, PM, and CSEC
and ETE if and only if f = ®.

Proof: See Appendix 8.7

7 Conclusion

In this paper, we have tried to bridge the gap between the two streams of
literature, that have evolved recently, on minimum cost spanning tree games.
We have explored the structural relation between the obligation rules and the
random order values and established that random order values are a subset of
the obligation rules. In this section we compare our results to Weber (1988).
The following definitions are due to Weber.

A value f is called a marginalistic value if for each ¢ € N there exists
p' € RISSCNML guch that Y. p*(S) =1 and

SCN\{:}

filNoo)y= > p'(S) (v (SU{i}) —v(s))

SCN\{:}

14



A value f is called a probabilistic value if for each i € N there exists a
probability p* € A (S : S C N\ {i}) such that for all TU game (N,v), f; (N,v)
is the expected marginal contribution of i with respect to p’. Namely,

N0y = Y pH(S) (W (SU{i}) —v(9))

SCN\{i}

Usually, we denote by fP the probabilistic value induced by p = {pi}i en

Weber showed that the marginalistic values are the only rules to satisfy
linearity and dummy axiom over SU. He also proved that on top of linearity
and dummy, if a value satisfy monotonicity axiom then it must be a probabilistic
value.

A value ¢ satisfies linearity if ¢p(v1+va) = d(v1) +P(v2) and @(c.v) = c.¢(v),
where (N,v1), (N,v2), (N,v) are TU games and c is a scalar.

Suppose a TU game (N,v) is such that for all S C N\ {i}, v(SU {i}) =
v(S) +v({i}). A value ¢ satisfies dummy if ¢;(v) = v({i}).

Suppose a TU game (N, v) is such that for all S C N\{i}, v(SU{i})—v(S) >
0. A value ¢ satisfies monotonicity if ¢;(v) > 0.

Note that neither marginalistic values nor probabilistic values demand effi-
ciency, that is ;. #i(v) = v(N). The parallel between our results and Weber
is captured in the following theorem.

Let the class of marginastic values for mestp is defined as follows. MV =
{fP|p" e RISSCNMA and 3 p?(S) = 1} where

SCN\{i}

fi(No,C) = >~ ' (8) loe- (SUL}) — v (S)]

SCN\{:}

Similarly the class of probabilistic values for mestp will be denoted as, PV =

{fP|pt € A(S:S C N\{i})} where

fi(No,C) = > P () [ver (SU{i}) —ve- (9))]

SCN\{:}

Theorem 7.1 (a) O C MV. Moreover, for alli € N and all S C N\{i},
p*(5) = di (N\S,0).
b)yONPV =W

This is an immediate consequence of Theorem 5.1.
In this paper we have emphasized the importance of the obligation rules for
minimum cost spanning tree problems and explored its link with other standard

allocation methods. A future research agenda will be to define and characterize
obligation rules for the general TU games.
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8 Appendix

We prove the results stated in the paper.

8.1 Proof of Theorem 4.1

We prove this result in several steps. These are as follows,
Step 1: 0*(d*(0)) = o.

Step 2: d*(0°(d)) = d.
Step 3: d*(o) satisfies d-i.
Step 4: d*(o) satisfies d-ii.
Step 5: 0*(d) satisfies o-i.
Step 6: 0*(d) satisfies o-ii.

Proof of step 1: We want to show that for all S C N, for all i € 5,
05 (S,d*(0)) = 0;(S). This is trivially true when |9(0) \ S| = 0, because by
Equation 3 and the fact that d(d*(0)) = 0(0), we have, 0f(9(0),d*(0)) =

di(T,0) = df(9(0),0) = 0,(0(0)). We will use induction on

9(0)CTCO(d*(0))
|0(0) \ S| to prove this result. Suppose our assertion is correct for all S, for
all i € S, such that |9(0) \ S| < k. We will show that the same is true when
|0(0) \ S| = k. Without loss of generality assume that k ¢ S.

By Equation 3,

0j(S.d*(0)) = Y. di(T,0)= > d; (T, 0+ Y & (TU{k}, 0

SCTCI(o) SCTC[o(o)\{k}] SCTC[o(o)\{k}]
By Equation 2, this can be written as follows,

0; (8,d"(0))
- > &To+ > d(TUu{k}o)

SCTC[A(o)\{k}] SCTC[(0)\{k}]
= > @@ty —d(Tuik}ol+ Y. di(TU{k}0)
SCTC[9(0)\{k}] SCTC[(0)\{k}]

- Y a@eh- Y @@u{kho+ Y d(TUuik)

SCTC[0(o)\{k}] SCTC[0(0)\{k}] SCTC[0(o)\{k}]

= Z di(T,07%) = 03(S,d*(07%)) = 0;%(S) (by induction hypothesis)

K2

SCTC[0(0)\{k}]

Proof of step 2: We want to prove that for all S C N, for all ¢ € S,
dr(S,0*(d)) = d;i(S). This is trivially true when |9(d) \ S| = 0, because

16
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d;(9(d),o*(d)) = 0f(9(d),d) = > d;(T) = d;(0(d)). We will use in-
() CTCA(d)

duction on |9(0) \ S| to prove this result. Suppose our assertion is correct for

all S, for all ¢ € S, such that |0(0) \ S| < k. We will show that the same is true

when |0(0) \ S| = k.

From step 1, we have, 0*(d*(0)) = o. Letting o = 0*(d), we get 0*(d*(0*(d))) =
0*(d). That is for all S, for all i € S, 0f(S,d*(0*(d))) = 0j(S,d). By Equation
3, this implies

>, di(To"(d) = > di(T)
SCTCa(d) SCTCa(d)
S EG @) Y AT o) =d(S)+ X di(T)
SCTCOo(d) SCTCo(d)
= d;(5,07(d)) = di(5)

The last step follows from the induction step, which implies d} (T, 0*(d)) =
dr(T), for all T such that S C T C 9(d).

Proof of step 3: It is easy to check that > df(9(0),0) = > 0;(0(0)) = 1.
iEN iEN
We will use induction to prove ) d;(S,0) = »_ dj(SU{j},o) for all S C
€S j¢s
0(0). Let us first show that the above is true when |9(0) \ S| = 1. With-
out loss of generality we can assume that 9(o) \ S = {k}. By Equation 2,
> di(8,0) = 3 di(S.07F) = Y di(SU{k}0) = 3 di(9(07F),07F) -
i€s €S i€S i€d(o—Fk)
d:(9(0),0) (because (0~ *) = S and d(o) = S U {k}). Thus by
i€9(0)\{k}
the first result of step 3, Y df(S,0) = 1 — [1— dj.(9(0),0)] = d}j.(9(0),0) =
€S

di,(SU{k},0) = > dj(SU{j},0).
i¢s

Now, suppose that we have proved this result for all S such that |0(0)\ S| <
k. We will prove the same when |0(0)\ S| = k. Without loss of generality, assume
that k € 9(0)\S. By Equation 2, 3" d(S,0) = . di(S,07%)= " d} (SU{k},0).
i€s ies i€s
Since |9(07%)\ S| < k and |0(0) — (SU k)| < &, by the induction hypothesis,

Yo di(S.07h) = di(S Uk} o)

€S €S

> di(S,07F) = > di(SU{k}0)| +di(SU{k},0)

€S i€ SUk

[ Y. disu{ihe) - Y d;f(su{k,j},m]+dz<su{k},o>

jE€(0)\(SUK) i€0(0)\(SUK)

Thus by Equation 2,

> di(S,0)

€S

17



= S (@ (Sudit.o ™) = dj(SU{k, j}0)] + di(SU{k},o0)

J€0(0)\(SUk)
= Y @(SUu{jlo)+di(SU{kho) =S di(SU{j}0)
j€8(0)\(SUE) prye

This completes step 3.

Proof of step 4: We know that for all i € 9(0), d;(9(0),0) = 0,(0(0)) > 0
(by o-i). For all S C (o), for all i € S and for all k € 9(0) \ S

> di(T,0) = Y di(T,0)— > d: (T U {k},0)
SCTC[0(o)\{k}] SCTCO(o) SCTC[0(o)\{k}]
07 (S,d*(0)) — 0f (SU{k},d"(0)) (by Equation 3)
0i(S) —0;(SU{k})  (by step 1)
0 (by o-ii)

Y

Proof of step 5: We need to prove that for all S C 9(d), o*(S,d) € A(S).
We will show it in two parts. First, we show that of(S,d) > 0 for all i € S.
If S = 9(d), this is trivially true, because o} (9(d),d) = d;(9(d)) (by Equation
3)> 0 (by d-ii). We will use induction on |0(d) \ S|. Suppose our assertion
is correct for all S such that |9(d) \ S| < k. Let us show the same when
8(d) \ S| = ».

0; (S,d) = Z d;(T) (by Equation 3)
SCTCa(d)
= >ooooam+ Y d(Tuik)
SCTClo(d)\{k}] SCTC[a(d)\{k}]

= Z d;(T) + 0} (SU{k},d) (by Equation 3)
SCTC[o(d)\{k}]
> 0

The last step follows from d-ii, which implies d;(T) > 0 and
SCTC[o(d)\{k}]
the induction step, which implies o} (S U {k},d) > 0.
Now, let us show that > 0f(S,d) = 1. Again, this is easy to prove when
i€S
S = 9(d). Using d-i and Equation 3, we get, > 0(9(d),d) = Y. d;(9(d)) =
ica(d) ica(d)
1. Now, consider any S C N. By Equation 3,

Sosd = S Y a)

i€s i€S SCTCA(d)
= > D_di(T)+_di(S)
{T|SCTCH(d),|T\S|>1} i€S ies
= > > dilT) + > > di(T)
{T|SCTCH(d),|T\S|>1} i€S {T|SCTCH(d),|T\S|=0} i€T

18



If we can prove that for all [, such that 1 <1< (|0(d) \ S| —1)

S (1) + 3 S di(7)

{T|SCTCH(d),|T\S|>1} i€S {T|SCTCH(d),|T\S|=(—1)} i€T
— S S di(T) + > > di(T) (5)
{T|SCTCa(d),|T\S|>(I+1)} i€S {T|SCTCA(d),|T\S|=I} €T

then by repeated use Equation 3, we can conclude
> 05(S,d)
€S
- 3 > di(T) + > > ()

{T|SCTCA(d),|T\S|=|0(d)\S|} i€S {T|SCTCA(d),|T\S|=|0(d)\S|—-1} i€T
= ) di(0(d) + > > di(T)

i€s {T|SCTCH(d),|d(d)\T|=1} i€T
= ) di(0(d) + > daayr(9(d)) (by d-i)

i€s {T|SCTCA(d),|d(d)\T|=1}
= ) di(0d)+ D di(dd)= Y di(d(d) =1

i€S i€d(d)\S i€d(d)

To conclude step 5, now we will prove Equation 3. First, note that

Z di(T)

{T]SCTCH(d),|T\S|=(1-1)} i€T

- 3 S A(TU{i})  (by dH)

{T|SCTCa(d),|T\S|=(1~1)} i€d(d)\T

= Z Z dr\r(R)

{T|SCTCa(d).|T\S|=(1-1)} {RITCRCA(d)||[R\T|=1}

= > > dr\r(R)

{RISCRCA(d),|R\S|=1} {T|SCTCR,|R\T|=1}

> > di(R)

{R|SCRCA(d),|R\S|=l} i€R\S

Therefore,
> > di(T) + > > di(T)
{T|SCTCO(d),|T\S|>1} i€S {T|SCTCO(d),|T\S|=(1-1)} é€T
- S S di(T) + > > d(T)
{T|SCTCH(d),|T\S|>I+1} i€S {T|SCTCH(d),|T\S|=l} i€S
+ > > di(T)
{T|SCTCH(d),|T\S|=l} icT\S
= Z Z di(T) + Z di(T)
{T|SCTCH(d),|T\S|>1+1} i€S {T|SCTCH(d),|T\S|=I} i€T
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This proves Equation 3 and completes step 5.

Proof of step 6: We want to prove that for all S C T' C 9(d) and for all
i €8, 05(8,d) > of(T,d). It is enough to show that o (S,d) > of (S U {k},d),
which then can be used repeatedly to complete this step. Now,

> di(T) - > di(T)

SCTCo(d) [SU{k}]CTCo(d)
= Z di(T)
SCTC[o(d)\{k}]

0 (by d-if)

0;(S,d) —oj (SU{k},d)

%

8.2 Proof of Theorem 4.2

First, let us introduce some new notations and lemmata, which will be used
later in the main body of proof.

Lemma 8.1 If (Ny,C) is an irreducible mestp, t = {(ip,l,ip)}zzl is the mt
satisfying (Al) and (A2), and S = {is(l), ...,is(|5|)}, then
5]
(a) ve (S) = 32 Ciyy_1yin, where we denote s(0) = 0.
qg=1
(b) ve (8) = ve (S\ {is(p }) = min {Cis@—l)is(p)’Cis(pﬂs(pﬂ)} if p < |S] and
ve (8) = ve (S\{isqsn }) = Cigsi-vigsn-

Proof of Lemma 8.1: The proof of this result appears in Bergantinos and
Vidal-Puga (2006a).

Suppose g is a network on Ny. A simple mestp (Ng,C9) induced by the
network g is defined as follows, ¢/, = 1if (4, j) € g and ¢}; = 0 otherwise.
Lemma 8.2 For each mestp (No,C), there exists a family {(NO7 C’gq)};g) of

(C)
1

simple mestp and a family {x9}, =

conditions:

)
(1) C= Y 2909
q=1

of non-negative real numbers satisfying two

(2) There exists an order o : {(i,j)}i’jez\,0 — {1,2,....,%} such that

gien {4,7,k, 1} C No with o (i,7) < o (k,l) we have that ¢;j < ci; and cqu < C%;
for each g € {1,....,7 (C)}.

Proof of Lemma 8.2: The proof of this result appears in Norde et al
(2004).
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(C)

Lemma 8.3 For each mcstp (N, C), there exists a family {(No7 C’gq)}q:1 of
simple mcstp and a family {xq}gg) of non-negative real numbers such that
(0) X
(1) C*= > 21(C")
q=1
7(C)

(2) For all S C N, ve«(S) = 21 xqv(cgq)*(S’)

Proof of Lemma 8.3: From Lemma 8.2, we know that given a mcstp
7(C)

(Ng, C), there exists a family {(NOngq)}q:1 of simple mcstp and a family
7(C)

{xq};g) of non-negative real numbers satisfying, C = > 209" and {c¢;; <
q=1

& cf; < cij} for all {4,4,k,1} C Ny and for all ¢ € {1,...,7(C)}. Let us
use Prim’s algorithm on C' and C9" for all ¢ € {1,...,7(C)}. Since cost of the
edges follow the same order over these cost matrices, they must have the same
minimum cost spanning trees. Let us pick one of these minimum cost spanning
trees (say t) and calculate C* and (C’gq)*. Take any {k,l} C No. tx denotes
the unique path from k& to [ on ¢. Now,

o= e
7(0) .
= (k{lr;:é%(kl qz:l zlcf; (by (1) of Lemma 8.2)
7(C) \
= Z x4 ng;giz cgj] (by (2) of Lemma 8.2)
q=1

q
2
3

I
8
Q
/N
)
> Q
=~ 2
N—
*

(6)

=)
Il
—

A
8

Therefore C* = x4 (ng)*. One can also easily check that {c;‘j <cpy e
q

(cgq>* = (Ci;)*} for all {4, j,k,1} C No and for all g € {1,...,7 (C)}.

I
—

ij

Now by Lemma 8.1, (No,C*) has an mt, t* = {(ip—1,ip)},_,.
of the edges follow the same order over C* and (ng)*, t* is also an mt for
(No, (C9")") where g € {1,...,7 (C)}. Suppose, S = {iy(1), - is(is)) } - Then,

Since cost

[S|
vee () = Y el ..  (byLemmas8.1)
g=1
IS| 7(C) . .
= Z Z ' (Ci(q,l)is(qJ (by Equation 6)
q=1 g=1
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S
Q

|S]
- Z( vs(q— 1)“({1))

3 Q
a \ |
9

= qv(cgq)*(S) (by Lemma 8.1)

Q
Il
—

Lemma 8.4 For each mcstp (Ny,C), there exists a family {(NO,CQQ)};S)
of simple mcstp and a family {zq};(ﬁ) of non-negative real numbers such that
7(C)
fo(No, €)= X2 29 f°(No, C7").
qg=1

Proof of Lemma 8.4: From Lemma 8.2, we know that given a mcstp
(No, C), there exists a family {(N07C’9q)}7(= ) of simple mestp and a family

7(C)
{xq}T( ) of non-negative real numbers satisfying, C = 3 2909 and {e;; <
qg=1
Cri & c” < ckl} for all {4, j,k,1} C Ny and for all ¢ € {1,...,7(C)}. Now, we
will use Kruskal’s algorithm on C' and C9" for all ¢ € {1,...,7 ( )}. Since cost

of the edges follow the same order over these cost matrices, Kruskal’s algorithm
will also follow the same path. Formally, at every stage p, g? (C) = ¢gP (ng) and

{(@#FH(C), 7 (O)} = {(* (Co") ,j7*1 (C9")) } for all g € {1,...,7 (C)}.
Therefore, for all i € N,

|V

f7 (No, €)= Zczm 0i (S (P (¢"71(0)) i) — 0 (S (P (g"(C)) ,4))]

‘NI 7(C)

= Y ([ (S (P 1(€) 1) i (S (P D
p=1
T©)  [IN]

= qu Z [0 (S (P (¢°1(C)) ,i)) — 0: (S (P (47(C)) ,1))]

(C) | V]

- (S b (5 e) ) o (5 e )

7(C)

= Z 29f2(No, C9")

q=1

Now, we are ready to prove Theorem 4.2.
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Proof of Theorem 4.2: Let us denote
fi(No,C) = > di (N\S,0) [ve- (SU{i}) — ve- (9)]
SCN\{i}

We must prove that for any mestp (N,, C), f'(No, C) = f°(N,, C).
7(0)

By Lemma 8.2, there exists a family {(No, ng)}qzl of simple mestp and
m(C)

a family {9 };(ch) of non-negative real numbers such that C = > z9C?. By
g=1

7(C)
Lemma 8.4, f°(Ny,C) = Y 29f°(Ny,C9"). On the other hand, by Lemma
q=1
7(C)
8.3, we have, ve=(S) = > xq’u(cgq)*(S) for all S C N. Thus,
q=1
fi(No,©) = D di (N\S,0) [ve- (SU{i}) = ve- (5)]

SCEN\{i}

7(C)
= Y @(N\S,0) {Z 2 (U(ng)*(m{z}) —U(ng)*(5u{i}))]

SCN\{i} q=1
7(C)

— Y ( 3 d:(N\S,0) [(U(ng)* (SU{i}) = v(emy (S U {i}))})
g=1 SCN\{i}
7(C)

_ Z 29! (No, ng)

Hence it will be enough to prove that f° (Ny,C) = f' (No,C) when C' is a
simple problem.

C partition Ny into (Sp, S1, ..., Sm) as follows. If 4,5 € Sy, then ¢;; = 0.
If i € Sk, j € S, and k # [, then ¢;; = 1. Without loss of generality we
can assume that 0 € Sy. It is trivial to see that f? (No,C) = 0if i € Sy and
fio (No,C) = 05 (Sk) ifie Sk7 k 75 0.

We now compute f/ (Np,C). Assume that ¢ € Sp. Since ves (SU{i}) =
vex (S) for all S C N\ {i}, we have that

fz/ (NO’C) =0= fzo (NO’C) :
Assume that i € Sy, k # 0. Since ve- (S U{i}) = vo= (S) when S NSy # 0,
fl(No,C) = Y di (N\S,0) [ve- (S U{i}) — ve- (9)]
SﬁSk:Q
Since ves (S U {i}) — v« (S) =1 when SN Sy =0,
fz/ (No, C) = Z d; (N\S,0) = Z d; (T, 0) = 0; (Sk)
SNSE=0 SkCTCN

where the last equality follows from Equation 3.
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8.3 Proof of Theorem 5.1

The following lemmata will be used in the proof of part (ii).

Lemma 8.5 Let o' be an obligation function for N, for all t € {1,2,--- k}.
Suppose o is a conver combination of these obligation functions. That is, for

all i € S and for all S C N, 0;(S) = > a'ol(S), where > o' = 1. Then
t=1 t=1
d(o) = > ald(ot). Alternatively, if d = 5. otd', where d* is an obligation
t=1 =

function for N, for allt =1,2,--- k, then o(d) = Y ato(d").
=1

Proof of Lemma 8.5: One can easily check that indeed o is a valid
obligation function for N, that is it satisfies o-i and o-ii. Thus d(o) is also
well defined. We will use induction to show that for i € S and for all S C

K
9(0)%, d;(S,0) = Z atd;(S,0"). This is easy to show when S = 9(0), because

d;(9(0),0) = 0;(9(0)) = Z alol(9(0)) = Z a'd;(9(0),0'). Suppose we have

proved this result for all S such that |0(o ) \ S| < k. We will prove the same
when |9(0) \ S| = k. Without loss of generahty assume that k£ ¢ S. Since

K
Z atot, we must have o=F = Z at (ot)™". Thus
=1 =1

di(S,0) = di(S,07F)—d -(Su{k:} 0) (by Equation 2)

= Zatdi(s Za (SU{k},0") (by induction)

K

- Zat {di(S, (ot)_k) —d;(SU{k},0")

t=1

= Z a'd;(S,0") (by Equation 2)

Alternatively, suppose d = Y atd!, That is for all S C 9(d) and for alli € S,
t=1

d;(S) = > atdt(S). By Equation 3,
1

0i(S,d) =Y di(T)= D D adi(T)=> o > di(T)=> alo(S,d")

5CTCa(d) SCTCA(d) t=1 t=1  SCTCa(d)

This completes the proof of Lemma 8.5.

20(0) = N
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Lemma 8.6 Suppose there are two sets of nonnegative real numbers {01, 6s,--,05}
and {01,02,--- 0%} such that il 0; = il 67. Then for alli < s and for all j < t,
we can find nonnegative real Znumbersjﬁf which satisfy the following conditions.
(a) For all j <, XS: 07 = 07. (b) For all i < s, Zt: 0 = 0.

i=1 j=1

Proof of Lemma 8.6: We will prove this result by induction on s. If s =1,
we can choose 87 = 67 for all j < ¢t. Thus condition (a) is trivially satisfied. Since

67 > 0, we have 9{ > 0. Condition (b) is satisfied because 6; = Et: f7 = Zt: 9{.
i=1 =
Let us now assume that our hypothesis is true for all s < k. ]We willjprove
that the same for s = x. Let us first divide 6, into {6J 5:1 as follows. Let
0! = min(f,,0'). If 0, < 6!, that is O = 0, then there is nothing to be
distributed among {#7}%_, and hence ¢ = 0 for all j = 2,3,---,t. Otherwise
f; = 6" and we distribute the residual of 6, that is (65 — 6') among {6}}_,
We follow this procedure repeatedly and at each step set 6 = min(residual of
0s,67). Whenever the residual is 0 all the following 67 are set to 0. Formally,

forall j <t
j—1
eg = min (max <[93 - Z 9’“]’ 0) ,0]’)
k=1

S
Since > 0; Z ¢/ and {0;};_, are nonnegative, we must have 65 < Z 67,
i=1 Jj=1 Jj=1
that is there will be no residuals left after the t—th step. In other words,

t ,

> 67 = 05. Also note that by construction, #2 > 0 for all j < ¢. This reduces
j=1

the construction to a smaller problem where we can use induction. Formally, the

residual problem is represented by {61,602, --,0s_1} and {51 62, 0_t} where
_ . (s—1) s t
for all j <t, 67 = (67 — ). Note that Z 0; = 29 -0 = 29] Z%:
Jj=1

t ,
>~ 7. By induction hypothesis, there exists nonnegative 6 for all i < (s — 1)
j=1

and j <t such that (a) and (b) are satisfied for the residual problem. Now it is
easy to check that these {67 };<(s_1), j<¢ along with {67} j<¢ constitute a possible
construction for the original problem.

(s=1) 1)

(a) For all j < t, ZGJ—HJ—i—ZQJ—OJ—i—GJ—OJ Note that ZGJ—GJ
i=1 i=1

is ensured by the 1nduct10n hypothesis.

(b) Similarly by induction hypothesis Z 0{ = 0; for all i < s. It has been
j=1

¢
already shown that > 67 = 6.
Jj=1
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Lemma 8.7 Let m € lly. An obligation function o™ is defined as follows. For
each SC N andi € S,

o (5) = { (1) if m(i) = rjigg{W(j)} o
otherwise
Then,
o _ )1 if S={jr(j) = [N\ S[} and 7(i) = minjes 7(j)
di(S, 0 )_{ 0 otherwise =

Proof of Lemma 8.7: Once again we use induction on |d(0™) \ S|. This is
easily done when [9(07) \ S| = 0, because d;(9(0™),0™) = o (0(0™)), which is 1
for 4 such that 7(i) = min;jcg(o~) 7(j) and 0 otherwise. Suppose our assertion
is true for all S such that |0(0™) \ S| < k. We will show the same when
|0(0™) \ S| = k. Choose any k ¢ S. Let us define an order 7=% on N\ {k} as
follows. For all 4, j € N\ {k}, 77%(i) < 77%(j) & 7(i) < n(j). One can easily
check that o™ ) = (o™)~F. Therefore

di(S,07) = [di(S, (0™) ") — di(S U {k}ﬂ)] (by Equation 3)
- [d,;(S, o™ Y —d,(S Uk}, oﬂ)}

Now, if S = {j|m(5) > |0(0™)\ S|} then 7(k) < mw(j) for all j € S. Hence S =
{j|7r_k(j) > |0 (0(”%)) \S|} and 7(k) = minjeguqry 7(j). Thus by induction
hypothesis,

(1-0)=1 if (i) = minjegn(j)

di(S, 0™) = [di(S, O(Tr*’“)) —d;(SuU {k}yoﬂ)} = { (0—0)=0 otherwise

For all other S, if possible let us pick an k, such that 7(k) < w(j) forall j € S.

Once again (k) = minjesuqry (), but S # {jwk(j) > |9 (owk)) \S\}.
By induction, for all i € .S,

di(S,07) = |di(S, 0 ) = di(S U {k},07)] =0-0=0
Finally, all S such that S = 0(o0) \ {k}, where k # min;cg(,) 7(j) are not
covered by the previous cases. For these sets, S = 0 (o(’rfk)) and SU{k} = 9(0).

Thus S = {jlz#(j) 2 9 (0" V) \ 5|} and S U {k} = {jIn(j) = |9(™) \ (SU
{k})[}. Moreover, since k # min;co(o) m(j), we have (i) = minjesn(j) <
7(i) = minjeguqry (7). Therefore by induction

4i(S,07) = [di(S,0" ) = di(S U {},0m)| = { E(l) - (1)3 =0 (i) = mines 7(7)

This completes the proof of Lemma 8.7.
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Lemma 8.8 Let @ € Ily. An obligation function o™ is defined as in Equation
7. Then fo" € W.

Proof of Lemma 8.8: From Equation 1, we know that if we can find a

weight system (wx), crr, € A (ILy) such that

(N, )= Y S | [ves (SU{G}) — v (9)]

SCN\{i} \{r|Pre(i,m)=5}

for all i € N and for all mestp (N, C') then we are done. By Equation 4, for all
i € N and for all mestp (Ng, C)

£ N C) = S s (N\S.07) [ (SU i) ~ v (S)
SCN\{i}

Thus all we need to find is a weight system () € A (Ily), such that for

all i € S and for all S C N,

d; (S,07) = > Ui

{rm|Pre(i,m)=N\S}

wellny

Let us consider the following weight system (1)

. {1 ifr=nm
Wqr =

melly ?

0  otherwise
Therefore, for all i € S and for all S C NV
3 A { 1 if § = {j[7(j) = [N\ S|} and 7(i) = minjeg 7(j)

We = 0 otherwise
{m|Pre(i,m)=N\S}

= d;(5,07) (by Lemma 8.7)

Lemma 8.9 Let w € A(Ily) and 0¥ = > wro0"and o™ is given by Equation
wellny

7. Then fo" € W.

Proof of Lemma 8.9: From the definition of the obligation rules using
Kruskal’s algorithm, for all ¢ € N and for all mestp (Ng, C')

[N|
f(No,©) = > cano [0 (S (P (9771) 1)) — o' (S (P (g"),1))]

p=1
[N|

= Y e | D weof (S(P(g771) ) = D weof (S(P ("))
p=1 melly w€lln

[N|

= 3 we [ g [0F (S(P(g771) 10)) — oF (S(P(g"),1))]
welly p=1

= > wef" (No,C)
welln
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The result follows immediately from Lemma 8.8 and the fact that W is a
convex set.

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1: This proof has three steps.
(i) wco.

(ii) Let o be an obligation function. f° € W < d;(S,0) > 0 for all i € S and
for all S C N.

(iii) If |N| > 3, then W C O.

Proof of (i): Suppose f¥ € W. Let (Ny,C) be a mestp. From Equation
1, we know that

£ (No.C) = Y Yo we | fves (SU{i}) = ve- ()]

SCN\{i} \{r|Pre(i,m)=S}
Let us define for all S C N and for alli € N\ S,
d; (N\S,0) = Z Wr
{m|Pre(i,m)=S}

Thus
£ (No,C) = > di (N\S,0) [ve- (SU{i}) — ve- (9)]

SCN\{:}

To complete the proof, we need to show that d is an obligation rule, that is,
it satisfies d-i and d-ii.
Checking d-i:

Z&(N) = Z Z Wr
ieEN

i€EN {r|Pre(i,m)=0}

-Y Y W

1€N {r|n(i)=1}

= Z wry =1

welln

Also for all S C N,

> di(Su{i})

JEN\S

DS D SR

JENN\S | {r|Pre(j,m)=N\[SU{j}}
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= 2 |2 2 wr

JENVS IES | Pre(j,m) = N\ [SU{j}]

-Xz| © ow

€S |JENNS | Pre(i,m) = N\ S
! | 7)) =7() -1
-y Y e =Y
i€S | {n|Pre(i,m)=N\S} €S

Checking d-ii: This follows trivially from the fact that w, > 0 for all 7 € Tl .

Proof of (ii):

Proof of “=7: This follows immediately from part (7). For all S C N and for
alli € S, d; (S,0) = > wy > 0 because w, > 0 for all 7 € Ily.
{m|Pre(i,m)=N\S}

Proof of “ < "7: Let o be an obligation function on N such that
d;(S,0) > 0 for all : € S and for all S C N (8)

If we can show that o = o for some w € A(Ily), where o = > wro™and o™
welln
is given by Equation 7, then by Lemma 8.9, f° € W. In the rest of this proof

we use induction on |N| to show, o = Y wr0™ for some w € A(Ily).

welln
Suppose |N| = 2. Without loss of generality we can assume N = {1,2}.
From d-i we know that d; ({1,2},0) + d2({1,2},0) = 1. Moreover d;({1},0) =
d2({1,2}, 0) and d2 ({2}, 0) = d1({1, 2}, 0). By assumption 8, d; ({1}, 0), d2({2}, 0),
d1({1,2},0) and d2({1,2}, 0) are all non negative3. It can be easily checked that
o can be written as follows,

o=di({1,2},0) - 0™ 4+ d2({1,2},0) - 0™

where m; and 7o denote the natural order and it’s reverse respectively. Now, let
us assume that our assertion is true for all N such that |[N| < k. We show that
the same is true when |N| = k. Once again we use a chain of claims to establish

this result. The scheme of the proof is as follows.

Claim 7: There exist obligation functions {d*}rcy on N such that d(o) =

3 di(N,0) - d*, where for all k € N, d* satisfies the following conditions.
keEN

3By d-ii these are anyway non negative, afact which we explore in corollary
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(a) For all S C N and for all i € S, d¥(S) > 0.
1 ifi=k
k _

(b) di(N) = { 0 otherwise

(c)If k € S C N, then for all i € S, d¥(S) =0
Claim 8: Suppose (d*)~F represents the restriction of d* on N\ {k}. That is
for all S € N\ {k} and for all i € S, (d*);%(S) = d¥(S). Then (d*)~* is an
obligation function on N \ {k}. In fact o ((d¥)=*) = [o(d*)]7".

Supposing claim 7 and claim 8 are true, we can proceed as follows. Note that
by claim 7, (olk)i_lC (8) = d¥(S) > 0. Since (d*)~* is an obligation function on
N\ {k}, by induction hypothesis and claim 8, we have

()] =o((@)™*) = 3 w0 ©)

‘n'*kGHN\{k}

where ITnn ) is the set of all orders on N\ {k} and w € A(TIy\fx}). Now,
we can use 7 ¥ to define a new order (k,7=%) on N. (k,7*) starts with k and
then follows exactly the same sequence as in 7%, For all & € N and for all
n k¢ [N\ (%} We can define obligation functions olksm™) by Equation 7.

Claim 9: o(d*) = b I
LR RN TS

By claim 7, we have d(o) = Y di(N,0) - d*. Using Lemma 8.5,
kEN

o = Y di(N,0) o(d")

keN

= Z di(N,o0) Z Wy—k - o®m ) (By claim 9)

keN 7R eIl (k}

= 3 3 [dk(N0) - we-r]o®m )

keEN m=Fellny (k)

= Z [dr(N,0) - wp—x]0"

welly

The last inequality follows from the fact Iy = Ugen{n|n(k) = 1}
Uken{(k, 77 %)|m* € Ty 1y }-

For all 7 € Ily, let us denote the coefficient of o™ by w,. That is w, =
di(N,0) - wy—x. Since, di(N,0) > 0 and w, -« > 0, we have w, > 0. Moreover

Z Wy = Z [dk(N,O> ~wﬂ7k]

melln welln

Z Z [dr(N,0) W«

kEN =k elln (1}
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Y de(Nyo) >0 wes

keN ‘IT*]"EHN\{;‘,}
= Y di(N,0) (asw € A(TIy\(xy))
keN

Thus indeed @ € A(Ily) and o = > @,0™. To complete the proof of part
welln
(#i1), now we get back to the proves of claim 7, 8 and 9.

Proof of claim 7: Without loss of generality we can assume that d(N,0) > 0
for all k € N (otherwise, if there exist an [ such that d;(N,0) = 0, then choose
any obligation function d' satisfying (a), (b) and (c) and apply rest of the proof
on N\ {I}). We need to show that there exist obligation functions {d*}cn on
N such that d(0) = . di(N,0)-d*, where for all k € N, d* satisfies properties

keN
(a), (b) and (c). Note that if we can construct such {d*},cn, then each d* will
trivially satisfy the property d-ii of obligation rules because of (a)*. Moreover
property (b) will ensure Y. d¥(N) = 1. So while constructing {d*}rcn, apart
iEN
from (a), (b) and (c), we need to ensure the following properties

(d) A part of property d-i, which is, ;df(é’) = %df(S Uj) forall S ¢ N
i j
for all k € N.

(e) > [dr(N,o)-d(S)] = di(S,0), for all i € S and for all S C N.
kEN

We will use induction on |S|. If S = N, then the possibility of such a

construction is easy to check. Take any i € N. By (b), Y [di(N,0) - dF(S)] =
kEN

di(N,0)-di(S) = d;(N,0). Suppose we have been able to construct {d*(S)}ren
for all |S| > &, satisfying the properties listed above. We will now construct the
same for S C N such that |S| = k. Let us fix such an S.

To satisfy (c), we set d¥(S) = 0 for all i € S and k € S. This will change
requirements (d) and (e) as follows,

(d) S d¥(S) = d?(SUj) for all k € N\ S. For k € S, this is trivially true,
i€s jés
as by construction Y df(S) =0 = Y d¥(SUj). The second inequality
i€s i€s
follows from the induction step, property (c¢) and the fact that k € S =
ke Su{j}foraljé¢s.

4Property (a) implies that dff (N) > 0 for all ¢ € N . Similarly for all S C N, for all

1€ N\ S and for all i € S, > diT >0
SCTCN\{1}
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(€) di(S,0) = X [dr(N,0)-df(S)] = > [dx(N,0)-d; ()] + X [dr(N,0)-
kEN kEN\S kES

df(S) = > [di(N,o0)-df(S)].
kEN\S

Now we construct the remaining elements, that is {dF(S)}iesrens. Let
0% = di(N,0) - > d?(SUj) for all k € N\ S. Let 0; = d;(S,0) for all i € S.
J¢s
Note that, by Equation 8 {6;};cs are nonnegative numbers and by induction
hypothesis {6%} ¢ N\s are also nonnegative. Moreover,

Yoo = > du(Noo) | Do dE(SUy)

kKEN\S kKEN\S Jgs
= Y > d(N,0)-dj(SUj)
j¢S kEN\S

S d(NV.0)-dE(SU )+ dr(N,0) - d¥(SU )

¢S |keN\s kes

The last equality follows from the induction hypothesis and property (c), as
k € S implies d?(S Uj) =0 forall j ¢ S. Thus

S0k = SIS duN,0)-dE(S UG+ di(N.o) - db(S U )

kEN\S i¢S |keN\S kes

= S d0) - (S U )
j¢S LkeEN

= Z d;(SUj,0) (by induction hypothesis and (e))
i¢s

= Z d;(S,0) (by property d-i of the obligation function d(o))
ies

P
€S

Applying Lemma 8.6 on {6;};cs, {6#"}ren\ s, we can find nonnegative real num-
bers {65} kens such that - 6% = 6% forall k € N\ Sand Y 6F =6,
icS keEN\S

for alli € S. For alli € S and k € N\ S, let d¥(9) = %};o). This completes

the description of {d*(S)}ren. By construction, they satisfy properties (a), (b)
and (¢). To complete the induction step, we now show that (d) and (€) are also
satisfied.
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Checking (d): For k € N\S; we have > d¥(S) = m 3ok = m&k =
i€s T ies Y

e [dk(f\ﬂ 0): 3 dj(SUj)| = 3 dF(SUJ).
J¢s j¢s
Checking (¢): For alli € S; wehave Y. [di(N,0)-d¥(S)] = > [dx(N,0)-
kEN\S keEN\S
ES) = 5 |dN.0) gli] = X 08 =00 =di(S.0).
keN\S keEN\S

Proof of claim 8: We will show that o ((d*)~*) = [o(d¥)]7*, that is for
all S C N\ {k}, foralli € S, o; (S, (dk)_k) = o; (S, dk). By Equation 3,
0i (S,d") = > di(T)= ¥ di(T)+ ¥ di(TU{k})+di(N).

SCTCN SCTCN\{k} SCTCN\{k}
From property (c), we have d¥(TU{k}) = 0 for all T C N\{k} and from property
(b), d¥(N) = 0 because i # k. Therefore o; (S,d*) = > d¥(T) =
SCTCN\{k}
(d)7H(T) = o (S, (d*)=*). Thus (d*)~" is an obligation rule on
SCTCN\{k}

Proof of claim 9: We need to prove o(d*) = > o - 07" that
7R €Ny (1)
—k
is for all S C N and for all i € S, 0;(S,d*) = > Wy—k -ogk’ﬁ )(S). Let
TP ETIN (k)

us remind the readers that o*™ ") is defined by Equation 7 and d* satisfies the
properties of claim 7. # = (k, 7 %) represents an order on N, where 7 (k) = 1.

Suppose S C N\ {k}. From Equation 7 it is immediate that (07)~% = o(" "),

Thenforallie S, Y  wyr-0f(S)= Y  wys-o™ )(S). Thus
LSRN TR EIIN ()
by Equation 9, > Wa—r - 0F (S) = 0;(S, d¥).
TR ElINy (k)
Otherwise if k € S, then for all i € S and i # k, we have of (S) = 0.
Hence > wy—x -0 (S) = > wy—x -0 = 0. Since 0] (S) = 1 and
TR el N {k} TRElNy (k)
w € A(IIny\fx)), we have > We—r - 07 (S) = > We—r -1 = 1.
TR ElN (1} TR eIy g}
On the other hand by property (c), o(S,d*) = . d¥(T) = d*(N). Thus
SCTCN

by property (b), 0i(S, d*) =0 foralli€ S, i#k and oy(S,d*) = 1. Hence

> We—k - 0F (S) = 0;(S,d¥) for all i € S.
TRl (1}

Proof of (iii): It will be enough to construct an obligation function 6 which
violates the condition d; (S,0) > 0 for some i € S and S C N. Note that such
an obligation function has already been described in example 4.3 when |N| = 4.
We will extend that example here for arbitrary N.
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Let N ={1,2,---,n}. An obligation function 6 is described as follows. For
all S C N and for alli € S, 6;(S) = ﬁ except when S = {1,2,---(n —1)}.

Lo ifi=1
0;({1,2,---,(n=1)}) = { 22—33

(n—2)?

otherwise

It is easy to check that 6 satisfy o-i. Let us verify that o6 satisfies o-ii. We
have to show for all S C T and for i € S, 6;(S) > 6;(T). First consider all
S, T such that S,T # {1,2,---(n — 1)}. Then 6;(S) = 57 > 77 = 6:(T) for
all i € S. Next, suppose S = {1,2,---(n — 1)}. There is only one superset
of {1,2,---(n — 1)}, that is T = N. Thus 61(S) = ;15 > = 61(T). For
all i € S\ {1}, we have, 6;(S) = ((::23))2 > L = 6,(T), because [N| = n > 4.
Finally if T = {1,2,--- (n— 1)}, then |S| < (n—2). Therefore, in case 1 € S, we
have 61(S) = 57 2 gy = 01(T). Forall i € S\ {1}, 6,(9) = g7 = 0oy >
((:_723))2 = 6;(T). Hence 6 satisfies o-ii and it is indeed an obligation function.
However note that

d;({laQa"'a(n/_’2)}76)
= di({1,2,--,(n—2)},6- ") —d1({1,2,-,(n — 1)},0)
= [d} ({1, 2, (n—2)}, (@f(nfl))fn) —di({1,2, -, (n—2),n}, 57(n71))]
_{di({1’27""(n/_'1)}76_70 _'dT(]V76”
= [61({172""7(n/_’2)}) —»61({1,2,~~~,(n/—»2),n})]
_{61({1327"'v(n'_'1)}) _'él(jv)}

1 1 1 1 1
B ((n—2>‘<n—1>‘<n—2>+n>“n<n—1><0

Hence f° ¢ W. This completes the proof.

8.4 Proof of Corollary 5.2

Proof of “=": Let f* € W. For each 7 € Ily, let 0™ be the obligation function
defined as in Claim 2 of the proof of Theorem 3.

Because of the proof of STEP 1 of the proof of Theorem 3, f* = f°" where
for each S € N and i € S, o (S) = >, wrof (S). For each 0 € SO we

melly
define w, = w, if o = o™ for some 7w € Iy and w, = 0 otherwise. Since

w € A(lly), (Wo),es0 € A(SO). Moreover, for each S C N and i € S,
o (S) = 32 we0s (S):

0€SO
Proof of “ < ”: Let f° be such that for each S € N and i € S, 0} (S) =

ZS:O w0 (S) and (w,),cq0 € A (SO).
[elS]
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For each o € ST we define the order n° € Il as follows.
(1) ={ie N:o;(N)=1}.
In general, for each k = 2,...,|N|,

° ie N\ {m°(1),...,m™(k—-1)}:
4 (k){ 0r (N\ {1 (1), oo (k= 1)}) = 1 }

Let w = (W) ey
and w, = 0 otherwise. Since (w,)
frew

Let o be the obligation function associated with w as in the proof of STEP
1 of the proof of Theorem 3. It is trivial to see that 0% = 0.

Because of the proof of STEP 1 of the proof of Theorem 3, f* = f°".
Therefore, f¥ = f"/.

be such that w, = wgo if 1 = 7w° for some o € SO

o €A(SI), (wg) € A (Ily) . Hence,

0€S mwellny

8.5 Proof of Theorem 6.1

The proof of this theorem is a consequence of the following claims.
Claim 1. If f satisfies CPL, then f also satisfies CSEC.
Claim 2. If f € O, then f satisfies SCM, PM, and CPL.
Claim 3. If f satisfies SCM, PM, and CSEC, then f € O.

Proof of Claim 1. Let (Ny,C), (No,C"), (No,C*), and (Ng, C'*) be as in
the definition of CSFEC. We can find ¢ and o’ satisfying the following conditions:

1. 0(0,i) = o' (0,) = 2™ —(; 1) for all i € N = {1,...,|N|}, i.e. the
arcs {(0,4)},.y are the last arcs in the orders o and o”.

2. For all 4,7, k,l € Ny satisfying that o (i,7) < o (k,1), ¢;j < ¢ and ¢f; <
cyr-

3. For all i,j,k,l € Ny satisfying that o' (i,7) < o' (k,1), ¢,

9
/x /T
Cij < Chi-

< ¢}, and

Consider the mestp (NO, 6) such that ¢o; = z for alli € N and ¢;; = 0 other-
wise. It is trivial to see that given i, 7, k,l € Ny satisfying that o (i,7) < o (k,1),
¢i; < Cp1. Moreover, given i,7,k,l € Ny satisfying that o’ (,7) < o’ (k,1),
Cij < Crl-

C* =C + C° and C'"" = C' + C*°. Since f satisfies CPL,

f (N()v Cm)

F(No,C) + f (No,é) and

F(No,C") = f(No,C') + f (Mo, C).

Now, it is obvious that f satisfies CSEC.
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This finishes the proof of Claim 1.

Proof of Claim 2. Tijs et al (2006) prove that obligation rules satisty SC M
and PM. The property called SCM in this paper is called cost monotonicity in
Tijs et al (2006).

Bergantinos and Vidal-Puga (2006b) introduce the property of Restricted
Additivity (RA). They prove that RA is stronger than CPL, i.e. if a rule f
satisfies RA, f also satisfies C PL. Lorenzo-Freire and Lorenzo (2006) prove that
obligation rules satisfy RA. Thus, obligation rules satisfy CPL.

This finishes the proof of Claim 2.

Proof of Claim 3. Let f be a rule satisfying SCM, PM, and CSEC.

We prove that f = f° where o is defined as follows. For each S C N we
define the mestp (So,C®) where ¢, = 1 for each i € S and ¢f; = 0 for each
i,7 € S. Given S C N and i € S we define o0; (S) = f; (SO,C’S)

We prove that o is an obligation function. Given S C N,

> 0i(8) =Y fi (S0,C%) =m (S0, C%) =1.

i€S €S

Let (So,C?) be such that c; = 0 for all 7,5 € Sp.

We know that f; ({i},,C?) = m ({i},,C") = 0. Since f satisfies PM,
fi (SO,CO) < fl ({i}O,CO) =0foreachi € S. Asm (SQ,CO) = 0, f1 (SO,CO) =
0 for each 7 € S.

Since f satisfies SC'M, for each i € S,

0 (S) = fi (SO,CS) > fi (SO,C’O) =0.

Thus, o (S) € A(S5).
Let S,T € 2V \ {0} be such that S C T and i € S. Notice that (Sp, CT) =
(SO,C’S) . Since f satisfies PM,

0; (S) = f; (S0,C®) = f; (S0,CT) > f; (16, C") = 0; (T)

We have proved that o is an obligation function. We now prove that f = f°.
Let (Np, C) be an mestp.

Bergantinos and Vidal-Puga (2006a) prove that if f satisfies SCM, then
f (No,C) = f(No,C*). Thus, it is enough to prove that f = f° in irreducible
mestp.

Let (No, C) be an mestp where C' is irreducible. Let ¢ = {(ip—1,7p)}
the mt in (Ny, C) satisfying (A1) and (A2)

We prove that f (Np,C) = f°(Ny,C) by induction over |N|. If |[N| = 1,
fi (No, C) = f? (No, C) = cp;. Assume that the results holds when |N| < k. We
prove it when |N| = k. We consider two cases:

be

n
p=1

1. cp;, < max {Cip,lip p=2,.., |N|} = Ciy_yig-
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We define S = {i1,...,i4—1} . Since f and f° satisfy PM, for each i € S,
fi (N0, C) < fi (So,C) and f? (No, C) < f2(So, C) . Moreover, for each i €
NS, fi (No,C) < fi (N'\S)y,C) and f (No, C) < f7 (N 5)y,C).

Bergantinos and Vidal-Puga (2006a) prove that {(i,—_1, ip)}q_1 is an mt in

p=1
(S0, C) and {(0,ig)} U {(ip—1,7p)} Y| | is an mt in (N'\ §),,C) . Thus,
q—1 ||
m(S0,C) = 3 ¢i, i, and m((N\S),,C) = coi, + 22 €i,yip- By
p=1 p=q+1

(A2), Coig = r;1<a;{ {Cip,lip} = ¢i,_,i,- Hence,

[N|
m (So,C) +m((N\S),,C) = Zcz‘p,lz’p =m (Nop,C)
p=1

Now it is easy to conclude that, for each i € S, f; (No,C) = f; (So,C)
and f? (No,C) = f? (S50, C). Moreover, for each i € N\ S, f; (No,C) =
fi((N\'S)y,C) and f? (No,C) = f7 (N'\ 5),,C).
Since 41 € S and iy € N\ S, |S] < sk and [N\ S| < k. By induction
hypothesis, f (S0, C) = £° (S5, C) and £ (N \ 8)y:C) = f* (N'\ 8),,C)
Thus, f (N(), C) = fo (]\/VO7 C) .
. coiy >max{c;, i, :p=2,...,|N|} =ci,_i,.
We define the mestp (No, C°) , (No, C°%), (No,C*) , and (No, C'*) where
T = Coiy—Ci,_yi, and

o &) =0foralli,je No.

o i = foralli € N and ¢ = 0 otherwise.

) Céi =co; —x for all i € N and c}j = ¢;; otherwise.

o C* =C.
Since f and f° satisty CSEC,
f(No,C'¥) = f (No,C") = f(No,C%) = f (No,C°) and
£ (No, C'%) = f°(No, C') = f°(No, C%) — f2 (No, C?).

We proved above that f; (NO, CO) = Ofor all i € N. Moreover, f? (NO, CO) =
0 for all i € N.
C! satisfies the following condition,

Ctl)il = Cig_,i, = Max {cip,lip p=2,.., |N|}

— 1 o _ 1
= max {Cip,lip p=1,.., |N|} = Ci,_qiy-
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By Case 1, f (NO,Cl) = f° (NO,CI) Thus,

f(No,C) = f°(No,C") + f (No, C*%) and
fo(No,C) = f°(No, C*) + f° (N, C*%) .

Since f¢ satisfies CPL, f° (NO,COQL') = zf° (NO,CN). Because of the
definition of obligation rules, f° (NO, CN) =o0(N). Thus,

f2 (No, C%) =20 (N) = af (NO,C'N) .

We now prove that f (No7 Cox) =xf (NO7 CN) Assume that z > 0 is an
integer number. Since f satisfies CSEC,
F(No, C%) = f(No, D) = f(No, C”) = f(No,C°)
f(N07COI) = f <N07ON) .

Hence, f(Np,C%%) = f(No, C%==1) + f(Ny, CN). By repeating this ar-
gument we get, f(Noy, C%%) = xf(Ny, CV)

Let z be a rational number. We can write x = 2, where p and ¢ are positive
integers. Using similar arguments to those used before we can prove that
f(Noy,C%) = qf(No,C). Since p is an integer, we get f(Ngy, CP) =
pf(No,CN). Therefore,

F(No, CO%) = %f(No,c%) = L (N0, OY) = wf (Mo, ™).

Let x be an irrational number. Consider {zp};il a sequence of rational
numbers satisfying that x, < x for all p = 1,...00 and lim z, = z. By

p— 00
CSEC

J (No, C%%) = f (No, €°%¢) = f (No, C°C=0)) = f(No, C?).

As fi(No,CO) =0foralli e N,

f(No, C") = f (No,C") + f (N0700(w—zp)) '

Since C%*=*p) > 0 and f satisfies SCM, f; (No, C’O(I*"’”P)) > fi(No,C°) =
0 for each i € N.

As Z fi (NO’ CO(x_xp)) =m (N07 CO(x—acp)) =T—Tp, fl (NO, CO(:c—acp)) <
iEN
x — xp, for each i € N.
Therefore, for each i € N, 0 < f; (NO, CO(””_“’P)) <z — xz,. Hence,
0< Tim fi (No,CO==)) < lim (2 —2,) = 0.
p—00

p—00
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Moreover,

lim f (No,C%?) = lim a,,f (No,CV) = af (No,C").
p—0oQ

p—0o0

Thus,
f(No,C%) = lim f (No,C%) + lim f(NO,ct)(zfxp))
p—0o0 o
= -Tf (No, CN) .

This ends the proof of Claim 3.

8.6 Proof of Remark 6.1

e The rule ¢(Ny, C) = Sh (N, v¢) satisfies CPL, CSEC and PM but fails
SCM.

e The equal division rule (that is ¢;(No,C) = %) satisfies SCM,
CPL, and CSEC but fails PM.

e For a rule that satisfies SCM and PM but fails to satisfy CSEC, see the
companion paper Bergantinos and Kar (2007b).

8.7 Proof of Corollary 6.1

It is easy to check that ® satisfies ET'E. Since ® € W C O, ® is an obligation
rule and hence SCM, PM, and CSEC are satisfied. We now show that there
is only one rule which satisfies these properties. The proof is very similar to the
one used in Theorem 6.1.

Let (No,C) be an mestp where C' is irreducible. Let t = {(ip,l,ip)}zzl be
the mt in (Ny, C) satisfying (A1) and (A2).

We use induction over |[N|.If |[N| =1, f; (No,C) = co; and hence there is
only one rule. Assume that the result holds when |N| < k. We prove it when
|N| = k. We consider two cases:

1. cg;; < max {Ci,,,lip p=2, .., |N|} = ¢i,_,i,- This case is exactly the same
as in the proof of Theorem 6.1 and hence will be omitted. In this case
using induction step we get that there is only one rule f which satisfies
all the axioms.

2. ¢pi; > max {Cip,lip p=2, .., |N|} = Ciy_yig-

We define the mcstp (No7 CO) , (No, C’OI), (NO, Cl) , and (NO, C”) where

T = Coiy—Ciy_qi, and

o &) =0foralli,je No.
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o 92 =g forall i € N and cgf = 0 otherwise.

e ¢} =co; —x for all i € N and c}j = ¢;; otherwise.

o Clz = (.

Since f satisfies CSEC,

T

fi (No, C**) = f; (No,C") = f; (No, C**) — fi (No, C°) = p

The last equality follows from the fact that in C° and C° all agents
are identical and f satisfies ETFE. Thus for all i € N; f; (No,C) =
fi (No,C') 4+ £. However C! is a cost matrix which is already covered
in case 1 and we know f(Ng,C') is unique. Therefore f(Np,C) is also
unique.
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