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Abstract

We prove the existence of competitive equilibrium and the smoothness
of policy function in an optimal growth model with elastic labor supply
by using a simple method. Our approach is based on the result of exis-
tence of Lagrange multipliers and their representation as a summable
sequence due to Le Van and Saglam [2004] to define the sequence of
prices and wages. The proof of existence of equilibrium we give is more
simple than in Le Van and Vailakis [2004] and requires less stringent
assumptions (neither Inada conditions for the utility function and the
production function nor constant return to scale for the production
function nor strict concavity). We also prove the differentiability of
the policy function at a stationary optimal stock where the derivative
of the policy function equals the smaller characteristic root in absolute
value associated with Euler equation. Conditions for differentiability
of the policy function have so far been assumed in the literature.
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1 Introduction

The optimal growth model due to Cass and Koopmans is one of the main
frameworks in macroeconomics. While variations of the model with inelastic
labor supply are used widely in growth theory, the version with elastic labor
supply is used in business cycle models, both for exogenous and endogenous
fluctuations. Despite the central place of the model with elastic labor sup-
ply in dynamic general equilibrium models of macroeconomics, existence of
competitive equilibrium in general settings has proved to be a challenge.
Results of existence of equilibrium (Coleman (1997), Datta, et al (2002),
Greenwood and Huffman (1995), Le Van and Vailakis (2004)) use strong
conditions for existence. This paper establishes existence of equilibrium un-
der very weak conditions: neither Inada conditions, nor strict concavity,
nor constant returns to scale, nor restrictions on cross-partials of the utility
functions. The paper also establishes differentiability of the policy function
at the stationary stock. Unlike other papers which address this second issue
(Mitra (2000), Santos (1991)) we do not need to assume additional condi-
tions on the reduced form model, and show that the differentiability follows
from the primitives of the model.

The approach taken in this paper is a direct method based on existence
of Lagrange multipliers to the optimal problem and their representation
as a summable sequence. This problem with inelastic labor supply was
considered by Le Van and Saglam (2004). This approach uses a separation
argument where the multipliers are represented in the dual space (I1°°) of the
space of bounded sequences [*°. While one would like the multipliers and
prices to lie in [!, it is not the dual space (Debreu (1950)). Previous work
following the work of Peleg and Yaari (1970), the representation theorems
followed separation arguments applied to arbitrary vector spaces (see Bewley
(1972), Majumdar (1972), Aliprantis et al. (1997), Dana and Le Van (1992).
The Le Van and Saglam (2004) approach also uses a separation argument but
imposes restrictions on the asymptotic behavior of the objective functional
and constraint functions which are easily shown to be satisfied in standard
models. This is related to Dechert (1982).

There is a difficulty in going from the inelastic labor supply to the elas-
tic labor supply model: while one can show that the optimal capital stock



is strictly positive, without assuming Inada conditions, one cannot be sure
that the optimal labor supply sequence is strictly positive. Thus, the paper
by Le Van and Vailakis (2004) which took the approach of decentralizing
the optimal solution via prices as marginal utilities had to make additional
strong conditions on the utility function to ensure that the labor supply se-
quence remains strictly positive. As we show, following Le Van and Saglam
(2004), that the Lagrange multipliers to the social planners problem are a
summable sequence, we can directly use these to decentralize the optimal
solution and not have to make strong assumptions to ensure interiority of
the optimal plan. Thus, the Inada conditions do not have to be assumed.
As this approach does not require strict concavity, these strong assumptions
on utility functions can be dropped. This is especially important as one
important specification of preferences in applied macroeconomics models is
that of linear utility of leisure where strict concavity is violated. This speci-
fication also results in the planners problem in models with indivisible labor
(Hansen (1985), Rogerson (1988)). Furthermore, there is no need to make
any assumption on cross-partial derivatives of the utility function as in Cole-
man (1997), Datta et al (2002), and Greenwood and Huffman (1995). Thus,
whether labor supply is backward bending or not, and whether consumption
is an inferior or not plays no role in existence of equilibrium. As a separation
argument is used to generate the Lagrange multipliers, what is important is
concavity and not also constant returns to scale of the production function.

The second main result of the paper is to show under standard assump-
tions on technology and preferences, the policy function is differentiable at
the stationary optimal capital stock and the derivative is equal to the charac-
teristic root with the smallest absolute value of the Ramsey-Euler equations.
This result is important as one can use it to show stability properties of the
model (Mitra and Nishimura (2005)). We show that under the standard
assumptions, condition C1 in Mitra (2000) is satisfied, and thus the results
there can be applied. This condition is a restriction on the second deriva-
tives of the value function (Santos (1991) also has conditions on the second
derivatives of the value function to show differentiability of the value func-
tion). Thus, for standard applied macroeconomic models with elastic labor
supply one can check stability by studying derivatives of the policy function.



The organization of the paper is as follows. Section 2 provides the suf-
ficient conditions on the objective function and the constraint functions so
that Lagrangean multipliers can be presented by an li sequence of multipli-
ers in optimal growth model with leisure in the utility function. In section
3, we prove the existence of competitive equilibrium in a model with a rep-
resentative agent by using these multipliers as sequences of price and wage
systems. Section 4 establishes differentiability of the policy function at the
stationary stock. Section 5 concludes.

2 Lagrange multipliers in optimal growth model

Consider an economy in which a representative consumer has preferences
defined over processes of consumption and leisure described by the utility

function -
Z ﬂtu(ct, lt) .
t=0

In each period, the consumer faces two resource constraints given by
ct + ki1 < F(ky, L)+ (1 —0)ky,

L+Li = 1, W

where F' is the production function, 6 € (0,1) is the depreciation rate of
capital stock and L; is labor. These constraints restrict allocations of com-
modities and time for the leisure.

Formally, the problem of the representative consumer is stated as follows:

max Z By, ly)
t=0

Fky, 1= 1) + (1 — 8)ky, VE>0

st. o+ ki1 <
Ct Z Oak’tZOaltZOal—ltZO, VtZO
ko > 0is given.

We make a set of assumptions imposed on preferences and production tech-
nology. The assumptions on period utility function w : Ri — R are as
follows:



Assumption Ul: u is continuous, concave, increasing on Ri and strictly
mcreasing on R?H.
Assumption U2: u(0,0) = 0.

The assumptions on the production function F' : ]R?F — R, are as follows:
Assumption F1: F is continuous, concave, increasing on R%_ and strictly
INCreasing on R3—+'

Assumption F2: F(0,0) = 0,limg_,o Fi(k, 1) > 0, limg_, 400 Fie(k,1) < 9.

The assumptions Ul, U2, F1 are standard and we do not assume strict
concavity of the utility and production functions. There are also no Inada
conditions assumed. Assumption F2 is a weak assumption to ensure that
there is a maximum sustainable capital stock, and thus the sequence of
capital is bounded.

We say that a sequence (ct, kt, I)1=0.1,...,00 1s feasible from kg if it satisfies
the constraints

Vit 0, Ct+l€t+1 SF(kt,l—lt)+(1—6)kt
¢ > 0,k >0, >0,1—1 >0,

Y

ko > 0is given.

It is easy to check that, for any initial condition kg > 0, a sequence k =
(kt)i2, is feasible iff 0 < ki1 < F(kt, 1) + (1 — 0)k; for all ¢t. The class
of feasible capital paths is denoted by II(kg).A pair of consumption-leisure
sequences (c,1) =(ct, 1)72, is feasible from ko > 0 if there exists a sequence
k € II(ko) that satisfies 0 < ¢y +kiy1 < F(ky, 1—=1)+(1—=0)kpand 0 < [; < 1
for all t.

Define f(k¢, Lt) = F(kt, Ly) + (1 — 6)ke. Assumption F2 implies that

fe(+00,1) = Fp(4+o00,1)+ (1 -9) <1
fe(0,1) = Fp(0,1)+ (1 —6) > 1.

From above, it follows that there exists k& > 0 such that: (i) f(k,1) = k
, (i) k > k implies f(k,1) < k, (iii) k¥ < k implies f(k,1) > k. Therefore

for any k € II(ky), we have 0 < k; < max(ko, k). Thus, k € [° which in
turn implies ¢ € [S°, if (c,k) is feasible from k. Denote x = (c,k,1) and

Fx) = ti)ﬁtu(chlt), D} (x) = ¢ + ki1 — f(ke, 1 — 1), D}(x) = —cr,
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PF(x) = —ky, PH(x) = —1y, PP (x) = I, — 1, Vt,®y = (D}, D7, @}, |, D}, B),

Vt. The social planner’s problem can be written as:

min F(x) s.t.®(x) < 0,x € I x [T x [T

where F @ 1 X1 x 1 — RU{+o0}

o = ((I)t)tzo...oo : lio X lj'._o X lio —RU {—I—OO}

Let C = dom(F) = {x €l xIT x [T|F(x) < o0}
I' = dom(®) ={x €l x 1T xIF[Py(x) < 00, Vt.}

Proposition 1 Let x,y € [ x 1° x I$°,T € N. Define

Tixy)=4 4 U =T

Suppose that the two following assumptions are satisfied:

Ti:Ifx e C,y €l xI¥ x I satisfy VI' > T, x'(x,y) € C, then
F(xT(x,y)) — F(x) when T — oo.

T2: Ifxcl,y el and x'(x,y) € T, VT > Ty, then

a) ®(xT(x,y)) — ®4(x) as T — oo

b) IM s.t. VT > Ty , [|®:(xT (x,y))]| < M

¢) YN = Ty, lim [@4(x" (x,¥)) — Pu(y)] = 0.

Let x* be a solution to (P) and x° € C satisfies the Slater condition:

sgp@t(xo) < 0.
Suppose xT (x*,x°) € C NT. Then, there exists A € I1\{0} such that
F(x)+A®(x) > F(x*)+ Ad(x"), ¥x € (CNT)
and A®(x*) = 0.

Proof: It is easy to see that [° x I5° x [5° is isomorphic with [9°, since, for

example, there exists an isomorphism

1 — 1 x 1P X I,



II(x) = ((xo, z3, 6, --.) (1, x4, X7, ...), (T2, T5, TS, ...))
and

H_l(ua v, S) = (u07 Vo, S0, U1, V1, S1, U2, V2, 52, )

Thus, there exists an isomorphism II' : (IS x I x lf)/ — (lﬁ_o)/. It follows
from Theoreml in Le Van - Saglam [2004] that there exists A € (I° x I5° x
12°)". Let A = II'(A) € (I)". Then, the results are derived by the analogous
arguments where a standard separation theorem used! as in the Theorem?2
in Le Van - Saglam [2004]. m

Proposition 2 If x* = (c¢*,k*,1*) is a solution to the following problem:

min — ZﬁtU(Ct,lt) (P)

t=0

s.tocp + k1 — f(k, 1 =1;) <0,
_CtSO7 _ktSO, OSltgla
then there exists A = ()\1, A2 A3 A% N5 € lix 1ox 1L x l}r X 11\ # 0 such

that: ¥x = (¢, k,1) € I° x 1% x I

(e + ki — f(BF,1=17))

Nk

S Bu(ef. 1) -
t=0

w
Il
=)

FY NG Y AR Y MY N (-1
t=0 t=0 t=0 t=0
= Zﬁtu(cta l) — Z A (et + ke — ke, 1= 1))
=0 t=0

D Mo+ Nk ML+ Y A1) (1)
t=0 t=0 t=0 t=0

! As the Remark 6.1.1 in LeVan and Dana [2003], assumption fx(0,1) > 1 is equivalent
to the Adequacy Assumption in Bewley (1972) and this assumption is crucial to have

equilibrium prices in lﬁ_ since it implies that the production set has an interior point.
Subsequently, it allows using a separation theorem in the infinite dimensional space to
create Lagrange multipliers.



A (e + ki — fR,1=17)) =0 (2)

Mc =0 (3)

ANEF =0 (4)

AT =0 (5)

N1 =1) =0 (6)

0 € Bou(c,l;) — {\} + (A} (7)

0 € B'doulct, i) — Maf(ky, LY) + {A} — (A2} 8)
0€ \auf(ky, L7) + (N} = {\1) (9)

where Ou(ct, 1), 0;f(kf, L¥) respectively denote the projection on the ith
component of the subdifferential of function u at (cf,l}) and the function

fat (K7, L)

Note that T'1 holds when F is continuous in the product topology. T2¢
is satisfied if the asymptotically insensitivity, i.e., if x is changed only on a
finitely many values the constraint value for large ¢ does not change that
much (Dechert (1982)). T2c is the asymptotically non-anticipatory assump-
tion and requires ® to be nearly weak-* continuous (Dechert (1982)). T2b
holds when when I' = dom(®) = [*° and ® is continuous (see Dechert (1982),
Le Van and Saglam (2004)).
Proof: We first check that the Slater condition holds. Indeed, since f(0,1) >
1, then for all ky > 0, there exists some 0 < k< ko such that: 0 < k< f(E, 1)
and 0 < k < f(ko,1).Thus, there exists two small positive numbers ¢, &;
such that:

O<k+e< flk,1—c1)and 0<k+e < f(ko,1—e1).
Denote x° = (c% k% 1°) such that c® = (e,¢,...), k¥ = (kO,E,E,...), 10 =
(e1,€1,...). We have
5(x”) = co+ki— f(ko,1—1lp)
= €—|—?€\—f(ki0,1—€1)<0
o1(x°) = c+ky— f(k,1-1)
= 5+E—f@,1—€1) <0
OI(x") = e+k—flk,1—e1) <0, Vt>2



P2(x%) = —e <0, Vt >0, DF(x") = —kg < 0.
P} (x") = k<0 Vt>1, ®Hx")=—e, <0, Vt > 0.
PP(x") =61 -1<0, Vt>0

Therefore the Slater condition is satisfied. Now, it is obvious that, VT,
xT(x*,x%) belongs to I x [ x I%°. As in Le Van-Saglam 2004, Assumption

T2 is satisfied. We now check Assumption T1. For any X € C’,§ €I x
1%° x I such that for any T, x7 (x,x) € C we have

T
F(xx)==Y_0" u(Gr, ly) — Z Bu Ct>lt
=0 t=T+1

AsX € 1 x I <12, sup|§t| < +o00 , there exists m > 0, Vt, ]c:t| < m. Since
t
B € (0,1) we have

Z Blu(m,1) = u(m, 1) Z Bt —=0asT — .

t=T+1 t=T+1

Hence, F(xT (x, §)) — F(x) when T" — oo. Taking account of the Proposi-
tion 1, we get (1) - (6).
Finally, we obtain (7) - (9) from the Kuhn-Tucker first-order conditions.

3 Competitive equilibrium

Definition 1 A competitive equilibrium for this model consists of an allo-
cation {c*, 1%, k*, L*} € 1P x I x I x I, a price sequence p* € IL for the
consumption good, a wage sequence w* € l}r for labor and a price r > 0 for
the initial capital stock ko such that:

i) (c*,1*) is a solution to the problem

max Z Bru(cs, 1)

s.t. pc < w'L + 7" + rky



where ™ is the maximum profit of the firm.
ii) (k*,L*) is a solution to the firm’s problem

m* = max » pf[f(ke, L) — k] — Y wiL — kg
t=0 =0
sit. 0 S kt—i—l S f(kt,Lt), Lt Z O,Vt
ii1) Markets clear

Vt, of +kiy = f(ki, Lf)
F+Lr = 1 and ki = ko

Theorem 1 Let (c*,k*,1*) solve Problem (P). Take
pr =\ for any t and r > 0.

There ezists fr(kf,Ly) € Oaf (kf, Ly) such that {c*,k*,L*, p*,w*,r} is a

competitive equilibrium with wi = \} fr(k}, L}).

Proof: Consider A = (A\', A2, A3, A4, \%) of Proposition 2. Conditions (7),(8),(9)
in Proposition2 show that du(c;, ;) and Of(k;, L}) are nonempty and there
exists uc(cf, l}) € Oru(ct, ), w(cy,lf) € Oaulct,ly), fulki, Ly) € 01 f(kf, Ly)
and fr(kf, L) € Oof (ky, L}) such that Vt

Bluc(ci, i) = M + X =0 (10)
Blui(cy,1f) = M fo(ki, L) + N = A =0 (11)
M ek, L) + A8 = Ay =0 (12)

Define w; = \; f1.(k}, L}) < +00.We now prove that w* € [}
We have
o o0 o0 oo
+o0 > Y Bru(c, 1) = Y B'u(0,0) = > Bluc(cf, 1) + D B, )T,
t=0 t=0 t=0 t=0
which implies

> Blu(c;, Il < +oo, (13)
t=0

9



and

+oo > D A F(kT L LY)=D ALF(0,0 Z ek, Ly) kﬁZ A fo(ki L)L
t=0 t=0 t= t=0
which implies
S ON Lk} L)L < o0 (14)

t=0
Given T, we multiply (11) by L} and sum up from 0 to 7. We then obtain.
Observe that

T T T T
VIS Bluler )Ly =Y Mokl LHLF + Y NLE =Y ML (15)
t=0 t=0 t=0 t=0
0< > NLF <) A < 4o (16)
t=0 t=0
0<Y NL <Y M <+oo (17)
Thus, since L = 1 — [}, from (15), we get
T T
> Blu(e, Zﬂtuz I+ Nk, L)L
t=0 t=0

T
+ Z ML= ML
t=0 t=0

Using (13),(14),(16),(17) and letting T — oo, we obtain

0 < Zﬂul iy ly) Zﬁtul (il lt+z)‘th (ki Ly)Li
t—0 — —
Z ML — Z ML} < +o0

t=0

Consequently, from (11), Y% A\ fr(kf, L}) < +oo ie. w* € l1. So, we
have {c*, 1, k*, L*} € 1% x 1% x 1% x 1%, with p* € [1 and w* € IL.
We now show that (k*,L*) is solution to the firm’s problem.

10



Since pf = A}, wi = M\ fr(k}, L}), we have

= NI L) = ki) = YN fu(kf, L) Ly = ko
t=0 t=0
Let :
T T
Ar = Y MU LY) = kil = DN Fu(ki LY) Li —rko
t=0 =0

T T
- (Z Mf (ke Le) = keya] = > N fulky, Ly) Ly — Tk0> :
=0

t=0

By the concavity of f , we get

T
TAV = Z)‘tfk (ki Ly)(kf — Z)\ kt+1 kit1)
t=1 t=0

= [N fuky, L) = Xol(kT — k1)
+Ap fr(kp, L) = Mp_g)(k — k) = Ap (kT — kran)-
By (4) and (12), we have: Vt =1,2,....,T
NP7 L) = M) (7 = Ke) = =AE (6 — k) = Ak > 0.
Thus,
Ar > MKy — brer) = Mok + Mbbra > <Ak

Since A € l}r, supky, ; < 400, we have
T

lim Ap > lim — Ak, =0.
Tirilm = THHJIr1 T+

We have proved that the sequences (k*, L*) maximize the profit of the firm.
We now show that c¢* solves the consumer’s problem.

Let {c,L} satisfy Z Mep < Z wy Ly + 7 + rko (18)
=0 =0

By the concavity of u, we have:
A=Y Bhu(e, i) = Blulen )
t=0 t=0

11



Bluc(cy, ) (e} — e "‘Zﬁ wi(cq, 1f) (15 — 1)

tvqg

t=0 t=0
Combining (3 ),(6),(10),(11) yields
A=Y (A=) —a +Z)\th k1= + A = A0 — 1)
t=0

M8 M2

A (e —a +Z)\tct Z)‘tct +Z(w:+)‘§)((l:_lt)
=0

- Z AT + Z A,
t=0 t=0

~
Il
=)

> Y N =)+ (w0 1) =
t=0 t=0
Z)\%(CI —ct) +Zw2‘(lj =) +Z)\?(1 =)
t=0 t=0 t=0
> Y M — )+ > wi(Ly— L)
t=0 t=0

Since

o0 o0
* *
E tCt Etht—Tkoa
t=0

t=0
it follows from (18) that

o0 oo (o] (e.)
A > prcf—Zw;‘Lf—rko—[prct—waLt—rko]
t=0 t=0 t=0 =0
> a1t —n" =0

Consequently, A > 0 that means ¢* solves the consumer’s problem.
Finally, the market clears at every period, since V¢, c¢f +kf, | = f(k{, Lf)
and 1 -0l =L;. m

12



4 Differentiability of the policy function

To show differentiability of the policy function we need additional set of
assumptions imposed on preferences and production technology. These are
standard in the macroeconomics literature. Assumption U8 imposes Inada

conditions, and U4 is weaker than assuming normality (which requires in
Ucl

addition that (lel < u> . This condition just requires the marginal rate of
c
substitution % be non-decreasing in ¢. When wug > 0 it is trivially satisfied.
It establishes r?lonotonocity of the optimal capital path (see Aiyagari (1992),
and the discussion in Le Van and Saglam (2004)). Assumptions F3, F/ are
standard in the literature.
Assumption U3: u is twice continuously differentiable on ]R?H_ with partial
derivatives satisfying the Inada conditions: lim._ouc(c,l) = +o0, VI > 0
and lim;_.gw(c, 1) = +o0, Ve > 0.
Assumption U4: For all ¢ > 0 and | > 0, the cross partial derivative
ug has a constant sign. In addition, we require the first and second partial
derivatives to verify the following condition:
e  Uet
Uc uj

Moreover, ue < 0 and uy < 0, for all ¢ >0 and [ > 0.
Assumption F3: F is twice continuously differentiable on Ri 4 with par-
tial derivatives satisfying the Inada conditions: limyg_g Fip(k,1) = +oo,
limg 4o Fi(k,1) < § and limy o Fr.(k, L) = 400, Vk > 0.
Assumption F4: Forall k > 0and L >0, Fi;, > 0 and Fj <0, Fr;, <0.

In order to save notation, we write f(k¢, Li) = F'(kt, L) + (1 — 6)k¢. Ob-
serve that under the previous assumptions, limg_o fx(k, 1) = 400, limy_ 4 fr(k, 1)
< 1 and limy_¢ f1(k, L) = 4o0.

Let us rewrite the social planning problem (P) of determining a Pareto

13



efficient consumption-leisure allocation and production sequence

max Z ﬁtu(% lt)
=0
sit. et + ki1 < f(ke, Le), Vit

I+ L <1,V
¢t > 0,0 >0,k >0,L; >0,Vt
ko > 0 is given.

Let (k,y) verify 0 <y < f(k,1). Define the function V : R2 — Ry

V(k,y) = maxu(c,!)
st.c+y < f(k,1-1)
¢>0,0<1<1.

Consider the following problem (Q):

max Z ﬂtv(k’t, ky1)
t=0
s.t. 0 S k’t+1 S f(k‘t, 1), Vit

ko > 0 is given.

It is easy to see that problems (P) and (@) are equivalent.
The principle of optimality is formally stated in the following proposition.
It will help us characterize basic properties of optimal paths.

Proposition 3 The value function solves the Bellman equation, i.e.
Vko >0, Wi(ko) = max{V (ko, k1) + BW (k1) : 0 < k1 < f(ko, 1)},
and for all kg > 0, a feasible path k is optimal, if and only if,
W(ke) =V (ke, k1) + BW (key1)

holds for all t.

Proof: See Stokey and Lucas (1989, Ch. 4). m

14



Lemma 1 Assume U1-U3 and F1-F3. Let ky > 0 and denote by (c*,1*, k*)
the optimal solution to problem (P). Then:

i) ky >0, Vt.

ii) ¢ > 0 and If > 0, Vt.

Proof: See Appendix m

Now we can prove that the optimal solution (c*,1*,k*) converges to a
unique optimal steady state (c¢®, 1%, k*) which is unique and nontrivial .

Proposition 4 There exists a unique nontrivial steady state (¢®,1°, k®) that
satisfies fr(k®,1—1°) = % and ¢ = f(k%, 1 —1%) — k°.

Proof: For the single agent case, see Le Van and Vailakis (2004) and for
the many agents, see Le Van, Nguyen and Vailakis (2007). m

Let us define the optimal policy function g : Ry — Ry :
g(ko) = argmax {V (ko, k1) + BW (k1) : 0 < k1 < f(ko,1)}.

Proposition 5 Assume U1-U3 and F1-F3. The Euler equations hold for
t>T, ie.,

uc(cy,ly) = ﬁuc(cah lf+1)fk(kf+1v L:+1)'

Proof: See Appendix m

It follow from Euler equation that Va(kf, ki, ) + BVi(ki, 1, kf o) = 0.

The characteristic equation associated with the Ramsey-Euler equation is
BA*Va1 + [Va + BVi1]A + Via = 0.

The following Lemma play an important role to prove the differentiability
of policy function at the stationary optimal stock. It is an assumption
in Mitra (2000). Note that it is a restriction of derivatives of the value
function and thus, as such it is not clear what underlying assumptions on the
technology and preferences generate it. As we show in addition to standard
differentiability, Inada, and concavity assumptions all that is needed is the
non-decreasing marginal rate of substitution which ensures monotonicity of
the optimal capital stock.
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Lemma 2 Let k®° be a steady state. Then

(14 B)|Vig(E®, E®)| + Vi1 (E®, k%) 4+ Voo (K®, E®) < 0.

Proof: Let the function V be defined as before, i.e. given any (k,y), such
that, 0 <y < f(k, 1),

V(k,y) = maxu(c,l)
st.cty< f(k,1-1)
¢c>0,0<1<1.

Note that the Slater condition is trivially satisfied for ¢ = 0, [ = 0, so there
exist multipliers A, u € R associated with the constraints ¢ +y < f(k,1—1)

and [ < 1, such that, (¢*,[*, \, u) maximizes the associated Lagrangian. The

Kuhn-Tucker first-order conditions are?:

0 € o (u(c", 1) — {\}

0 € Dp(u(c”,1%)) = Ao (f(k, 1 =17)) —{n}
A>0, A" +y— f(k 1-1M]=0
=0, pl*—1)=

The strict increasingness of u together with assumption U2 imply that
(c*,1*) # 0. Since u satisfies the Inada conditions, it follows that ¢* > 0
and {* > 0 (otherwise 01 (u(c*,1*)) and O2(u(c*,l*)) will be empty). Con-
dition 1 implies that A > 0. Observe that the Inada condition on labor’s
marginal productivity implies that [* < 1, ;4 = 0 (otherwise 02(f(k,1 — 1))
will be empty). We have

uc(c ") =X = 0
ul(c*, l*> - >\fL<k7 1- l*) =0
c+y—flk,1-10") = 0.

2For a concave function f defined on R™, df(z) denotes the subdifferential of f at
z € R™. Note also that 9; f(x) is the projection of df(z) on the 4, component.
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Uniqueness of the solution follows from the strict concavity of u. Differen-
tiating the above equations gives:

Ugede™ +ugdl* —dX = 0
uqdce® + updl® — N[ frrdk — fopdl*] — frdh = 0
dc* — frdk +dy + frdl* = 0

Since the optimal solution (c*,1*,k*) converges to a unique nontrivial
optimal steady state (c®,1°,k®), by taking the limit, the above equations

become
adc® +bdl® —d\ =0 (1)
bdc® + [c + pldl® — frd\ = Afrrdk. (2)
de® + frdl® = frdk — dy. (3)
where
P=ALL, @ = Uee, b= ug,c=uy.
Denote

Via(k®, k%) = ‘712,‘/11(k‘s,ks) = ‘711,‘/22(7<387k5) = Vao.

We already have
Bfe(k®1-07) =1,

e oV (k,y)

Vl — T:)\fk(k 71_l )
dy
Thus,
. 92V O\ ~ 92V o\
Va = oydk “or V2 oydy Oy
o OV 0Ok 1-1)
T 9kok ok -

o\ ol®
%fk + AM(frr — fk:L%)-
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It follows from (1),(2),(3) that

b 1
(fL——)dlP + —d\ = fr—dy
a a

b2 b
(ctp— ;)dls —(fr— E)d/\ = Afordk

Denote

b2 ac — b?
y = C—E—i—p: a +p<0
1
DenoteA:det[:E /a] —x2—%<0 we have
y -
s 7dk: Ld
dl a1 + 2 Y,
A fer — YJi Y
= —— 2 "dk+ =dy.
dA 1 + 2 Y
Thus,
8[5 —J}fk — /\{%
0N _wMie = ylk 0N _y (5)
ok A oy A
Therefore, \721 = % = gz w > 0. Hence we only need to
prove that

(1+ B)Via + Vi1 + Vaz < 0.
Indeed, it follows from (4), (5) that

(1+ 5)‘712 + ,3‘/}11 + ‘722 =

—(L+ )52 + Bl e+ Miae — i 51— 50

_ BMA+ By | aM i (1= )
_ B —
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It is easy to see that %fl_ﬂ) <0.

Therefore, we now have to prove that

BAferA +Aﬁ()\ka)2i <0
S fueA+ /\(ka)% > 0. (6)

Note that A = 72—, (6) can be written as follows
LL

Jrefro(—A) > (ka)Qg-

Since f is concave, we have

frrfre > (fre)*.
Therefore, we just need to show that £ < —A. Indeed, we have

ac — b?
D=l Y _p2__ — — a2 <0.
a a a a

Hence,
(14 B)Vig + BVi1 + Vaa < 0.

The method to prove the differentiability of the policy function at a
stationary optimal stock is based on Mitra (2000) where the derivative of
the policy function equals the smaller characteristic root in absolute value
associated with Euler equation (see also Mitra and Nishimura (2005)). Thus,

we can state.

Proposition 6 Assume U1-U4 and F1-F4. The policy function g(k) is
differentiable at the unique nontrivial steady state (¢*,1%, k%) and ¢'(k) = |\
where A1 is the characteristic root of the Ramsey-FEuler equations with the

smaller absolute value.

Proof: From Lemma 2, condition C1 of Proposition 7.3, Mitra (2000) is
satisfied, and we can follow the result therein. m

Assumption U4 which is needed to obtain monotonicity of the optimal
capital stock in the elastic labor supply framework can be dispensed with in
the Mitra (2000) framework with inelastic labor supply.
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5 Conclusion

This paper studies existence of equilibrium in the optimal growth model
with elastic labor supply. This model is the workhorse of dynamic general
equilibrium theory both endogenous and real business cycles. The results on
existence of equilibrium have assumed strong conditions which are violated
in some specifications of applied models.

The usual method of proof that relies on defining prices to be equal to
the discounting marginal utilities and then use the property that optimal pro-
grams satisfy Euler equations cannot apply directly in this case. To overcome
the problem we provide an alternative argument that exploits the useful in-
sights derived from the analysis of the Lagrange multipliers and Kuhn-Tucker
optimality conditions for a infinite version of planner’s problem. This pa-
per uses a separation argument to obtain Lagrange multipliers which lie
in I'. As the separation argument relies on convexity, strict convexity can
be relaxed; this also means that assumptions on cross partials of utility
functions are not needed (as in Coleman (1997), Greenwood and Huffman
(1995) and Datta et al (2002)); and constant returns to scale is not needed.
The representation theorem involves assumptions on asymptotic properties
of the constraint set (which are weaker than Mackey continuity (see Bew-
ley (1972) and Dechert (1982)). The assumptions ensure that the either
the optimal sequence {cy,[;}52 is either always strictly interior or always

equal to zero. Thus, one does not have to impose strong conditions, either
u(e, €)

Inada or lim. .o — 400 as in Le Van and Vailakis (2004) to ensure
that the sequence (e)f labor is strictly interior. This later condition is not
satisfied, for example, in homogeneous period one utility functions. Thus,
for a wide class of models, where assuming strict concavity of preferences
or Inada conditions are not problematic, e.g., models with linear utility of
leisure, one can still use approach of studying the social planner’s problem
knowing that these can be decentralized. In addition, one does not need
to assume normality (or rule out backward bending labor supply curves) to
study the competitive equilibrium. For further properties such as studying
stability properties of the equilibrium, for nice characterizations, these are

however, still needed.
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6 Appendix

Proof of Lemmal

Proof: i) Let kg > 0 but assume that &k} = 0. Denote L; = 1 — [}. Since
¢y = f(ko, Ly) > 0,

First, we claim that with [T > 0.
Assume the contrary that [j = 0. In this case, we prove that c¢j > 0.
Indeed, if ¢f = 0 then k} = f(0,1). Choose € > 0 such that ¢} > ¢ + &2, Let

o= % and v = B[CS%;FEQ)} Consider the alternative path (c,1, k) defined
as follows:

i) co=ch—(e+e?), co=c}
i) ¢ =ae

i) lo=15 I =ne

iv) ¢ =c and [, =1f,Vt > 2
V) ki=e, =k, V> 2.

Observe that

co+ k1
cg—(e+e)+e < k= flko, L)
Moreover,
flki,1=l) — k2 — a1
= f(e,1=7¢) = f(0,1) —ae
> E[fk(571—’y€)—f[/(€71—’yE)’y—a].

Due to the Inada conditions on F, the term inside the bracket is strictly
positive for € small enough. This proves feasibility of the alternative path.

Observe that as € — 0 both o and « converge to a finite value. In

addition, % = ¢g. Define:

A) = Bulenty) = 3 Bulc. i)
t=0 t=0
= Juleo,lo) — u(ch, )] + Bluler, 1) — u(c, )]
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The concavity of u implies that

Ale) [u(er, i) = uler, 17)] + ulco, lo) — ulcp, bo)]

> ﬁu(ae, 75) - UC(CO, ZO)(E + 52)‘

If ug > 0, then

A6 2 fu (9% 0e) ~ ueen o)(e + )
> fBu <:, 1) ve — ue(co, lo) (e + 52)
> Bue (?;, 1) ae — uc(co, o) (e + €2)

2
— Bue(co,1) = ;5 ~ ue(co,lo) (e + )
= (% +&)[uc (co, 1) — uc(co, lp)] > 0.
If uy <0, then
Ae) > Pulag,ve) — uclco, lp)(e + 2)

> Buc(as,ye)ae — uc(co, lo)(e + &%)
> (€2 + ) [ue(ae, 1) — uelco, lo)]-

Due to the Inada conditions on u, the term inside the bracket becomes
nonnegative for € small enough. A contradiction.

Thus, we have ¢ > 0.We claim that [J > 0. Indeed, if this were false,
define a feasible path as follows:

i) l1=€,
11) 61:C>{+f(0,1—8)—f(0,1)
111) Ct:C:, lt:l;‘,Vt;«él,kt:kf V.

Define:
Ale) =Y Bruler,lr) =Y Brulc), 1)
t=0 t=0

= 5 [u(clvg) - u(cf, 0)] > 5Uc(0175)(f(5; LT) - f(()? LT))
+Bui(c1,€)e = Bl—ucler,€)(fL(0,1 =€) +wlcr, €)le
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As e — 0, w(cy,e) — oo while —uc(c1,€)(fr(0,1 — &) < +o0. Hence, for
e > 0 small enough, A(e) > 0 : a contradiction. Thus, I > 0.
Now, we consider the alternative feasible path (c, 1, k) defined as follows:

1) co=ci—¢, caa=cf+ f(e,L7)— f(0,L7), ¢t =¢f, Vt > 2,
i) L=Vt
111) k‘1:5, kt:k:, Vit > 2.

Define:
(0.9} o
Ac =Y Bulen ) =Y Bruld, i)
t=0 t=0
The concavity of u and f implies that

Ae) = u(co,lo) — ulcp, lg) + Bluler, i) — ulc, )]
> {*UC(CO,ZO)+BUC(Cl,ll)fk(57LT)]6'

As e — 0, Buc(er, ) fr(e, L) — +oo while uc(co,lo) — uc(cg, i) < +oo.
Hence, for ¢ > 0 small enough, A(g) > 0 : a contradiction. It follows that
kT > 0. Working by induction we can show that k; > 0 for any t.

ii) It follows from proposition 10 in C. Le Van, M.H Nguyen and Y.
Vailakis [2007] that there exists v > 0 such that kf > v Vt. Suppose that
there exist an optimal paths (c*, 1%, k*) with ¢ = 0,we can choose a feasible
paths from this optimal paths where we just replace CS, k¥ with ¢g = g9 > 0,
ki = kf —e; in which {g;} is an increasing sequence bounded from above by ~
( for example, e; = ’y—t_%n,n > 0) such that ¢f +k}, | —eip1 < f(kf —e, L}).
This feasible path create a new greater value than optimal value which leads
to a contradiction. Thus ¢; > 0 for all ¢. It follows from (7) that If > 0.
(Otherwise, A} would not belong to I1). m

Proof of Proposition 3

Proof: Consider Proposition2. It follow from Lemma 1 that ¢; > 0,1} > 0.
Equation (3)-(5) in the Proposition2 imply that

M=MN=)=0

Inada condition and equation (9) in the Proposition2 imply I < 1. Therefore
AP = 0.
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Define a feasible path as follows:

) L=k =kt
11) Ct = C;,Vt 75 T,

iii) ¢ = ¢y +¢€,¢ € R such that ¢ + € > 0.
Inequality (1) in the Proposition2 become
Bluler, ) = Aper = Blulcr +€,17) = Ap(ch +¢)

at any neighborhood of zero. Thus M. = T u(c, I%).
Define

1) lt:l:,Ct:C: \V/t,
0 k= kI VEAT 1,
iti) kpy1 =k7; +e€ €€ Rsuch that k7, +€> 0.

Inequality (1) in the Proposition2 become
“Apkpgr + A f (Rrgrs Drir) 2 =M (R + €) + Apgr f(Rraq + €, L)

at any neighborhood of zero. Thus —Apk%.,; + Ay f(K5q, Ly ,) = 0.
Replacing )\1T = ﬁTu(ci}, [7.) into this equation we get Euler equation. m
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